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Abstract 



This thesis investigates the quantum properties of T-duaHty invariant formalisms of 
String Theory. 

We introduce and review duality invariant formalisms of String Theory including 
the Doubled Formalism. We calculate the background field equations for the Doubled 
Formalism of Abelian T-duality and show how they arc consistent with those of a 
conventional String Theory description of a toroidal compactification. We generalise 
these considerations to the case of Poisson~Lie T-duality and show that the system of 
renormalisation group equations obtained from the duality invariant parent theory are 
equivalent to those of either of the T-dual pair of sigma- models. In duality invariant 
formalisms it is quite common to loose manifest Lorentz invariance at the level of the 
Lagrangian. The lack of manifest invariance means that at the quantum level one might 
anticipate Lorentz anomalies and we show that such anomalies cancel non-trivially. 
These represent important and non-trivial consistency checks of the duality invariant 
approach to String Theory. 
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CHAPTER 1 



INTRODUCTION 

1.1 Unification and Duality 

Two important themes in theoretical physics are Unification and Duahty. At first these 
themes seem to be, if not contradictory, at least competing ideas; Unification is the 
reduction of multiple theories to a single all-encompassing theory, whereas Duality is the 
notion that there may be several distinct and complementary frameworks that describe 
the same physics. Nonetheless, both of these ideas have lead to tremendous advances 
in our theoretical understanding of the universe. 

The older idea of Unification, whose roots ean be traced at least as far back as 
Maxwell's theory of Electro-Magnetism, underpins the development of what is perhaps 
the pinnacle of scientific endeavour - the Standard Model of particle physics. Time and 
time again Unification has proven to be a guiding light for theoretical physicists. The 
ultimate objective of Unification would be a theory that unites Gravity with Quantum 
Mechanics and with the other forces of nature encapsulated in the Standard Model. To 
this end. String Theory [9] is widely accepted as the leading candidate for a Quantum 
Theory of Gravity and offers the tantalising possibility of Unification of all the forces. 

Duality is a comparatively newer concept and not only is it an interesting and 
deep theoretical property in its own right, it can also help make physical predictions. 
For instance, a question which may be very hard to answer within the context of one 
framework may be addressed much more easily by means of a dual description. One of 
the most important examples of duality, the AdS — CFT correspondence [10] does just 
this; questions asked in a strongly coupled gauge theory can be answered by means of a 
calculation performed in a weakly coupled gravity theory. The full power of this sort of 
duality is only now being unlocked and the past few years have seen its application to a 
range of physical systems including: the Quark Gluon Plasma [11, 12] thought to have 
been observed at the RHIC experiment; fluid mechanics in general [13] and condensed 
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matter systems such as high Tc superconductors [14]. 

There are many other fascinating examples of duality, particularly in the context of 
Gauge Theories [15-18], but the focus of this thesis is on Duality within the context of 
String Theory. Nowhere is Duality more pronounced than in String theory and indeed 
the development of both go hand-in-hand to an extent. Certainly, a fuller understanding 
of String Theory necessitates a deeper understanding of Duality. 

1.2 String Theory and its Dualities 

Although born out of an ultimately unsuccessful attempt to formulate a theory of the 
Strong Nuclear Force, Superstring Theory was first developed as a Quantum Theory 
of Gravity during the late 1970's and early 1980's. In String Theory the fundamental 
objects are not point particles but string-like extended objects whose characteristic 
length is of the Planck scale (1.6 x 10~^^ cm). The primary reason for the success of 
String Theory as a Quantum Theory of Gravity is that the spectrum of closed strings 
includes a massless, spin-two excitation corresponding to the graviton. Not only that, 
the low energy effective space time action described by String Theory can be recognised 
as a generalisation of Einstein's theory of gravity. 

However, rather quickly it became apparent that there were some surprising features 
of Superstring Theory. Firstly, there are in fact not one but five separate and consistent 
superstring theories: Type I; Type IIA; Type IIB; Heterotic 50(32) and Heterotic Eg. 
Given that finding a Quantum Theory of Gravity was such a difficult problem it does 
seem strange to discover five potential answers; one is reminded of waiting for a London 
bus only to find that five come along at once! Additionally, according to the philosophy 
of unification, one might have hoped to have found a single unique theory. As we shall 
see, Duality is the key to understanding that these theories are not as distinct as they 
first seemed. 

The second rather surprising feature of these Superstring Theories is that their 
quantum consistency demands that there be exactly ten spacetime dimensions. To 
square this with the four-dimensional view of the universe one has to find a way for 
the six extra predicted dimensions to be rendered unobservable by current experiments. 
The typical solution to this is to use the old idea of Kaluza- Klein reduction. In this, the 
extra dimensions are considered to be compact and small enough that they would only be 
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visible to a very high-energy probe. This idea of 'compactification' actually transforms 
what might be considered a fatal flaw into a virtue; the Kaluza-Klein reduction leads 
to gauge fields in the lower dimensional theory and thereby gives a possible route to 
unification of all the forces of nature. 

It is also through this idea of compactification that we encounter our first 'string- 
string' duality and the topic of this thesis: T-duality. The extended nature of strings 
compared with point particles allows them to have an extra degree of freedom when 
a space time direction is compactified on, say, a circle of radius R. Unlike the point 
particle, strings are able to wind or wrap themselves around this compact direction. 
This facilitates the astonishing property that the string theory defined on a circle of 
radius R can actually be equivalent to that defined on a circle of radius a'/R (a' is the 
square-root of the inverse string tension) . 

Returning to the five Superstring Theories, T-duality states an equivalence between 
the IIA and IIB theories reduced on a circle and also between the two heterotic theo- 
ries. This is just part of a much larger web of dualities which were uncovered during 
the mid 1990's [19, 20] (sec [21] for a review). In addition to these T-dualities there 
are conjectured non-perturbative 'S-dualities' which relate a theory at strong coupling 
to a, possibly different, theory at weak coupling. S-duality relates the Type I and the 
Heterotic SO{32) theory and the IIB theory to itself. The IIA theory displays a quite 
different behaviour at strong coupling; its strong coupling limit is an eleven-dimensional 
theory whose low energy limit is eleven- dimensional supergravity but whose full defini- 
tion is not yet understood. This eleven dimensional theory, known as M-theory, can be 
used to connect all the String Theories through compactifications and dualities. 

M-theory leads to new duality conjectures, for example, M-theory compactified on 
a particular four-dimensional Calabi-Yau manifold K3 is dual to heterotic string com- 
pactified on a three-torus. M-theory can also provide explanations of the origin of other 
dualities, for example the SL{2,Z) S-duality group of the IIB theory can be mapped 
to the modular group of a toroidal compactification of M-theory. Whilst a full under- 
standing of M-theory remains elusive, during the time this thesis was written several 
breakthroughs have been achieved in describing the low energy limit of multiple coinci- 
dent M2 branes (a fundamental object in M-theory) [22-26] . 
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1.3 Duality Invar iance 

In this thesis, we will concentrate on just one aspect of Duality within String Theory 
and M-theory; T-duality. Because T-duality is so particular to String theory one might 
hope that developing a broader understanding of T-duality may eventually provide clues 
to the underlying nature of String Theory and ultimately M-theory. 

We will examine ways of reformulating String Theory in which T-duality can be 
promoted to the role of a manifest symmetry. Such duality invariant approaches to 
String Theory have a long history [27-35] and have recently received a great deal of 
interest following Hull's proposed Doubled Formalism [36-38]. A common theme of these 
approaches is to construct a new theory with double the number of fields from which 
either of the two T-dual theories can be obtained. One might say that this represents 
the application of the mindset of Unification to the topic of Duality. Aside from the 
rather grand objective of better elucidating String Theory, the Doubled Formalism has 
a more practical use in describing a novel class of string backgrounds, the so called 
non-geometric compactifications [39-44]. 

The question that essentially lies at the heart of this thesis is whether such duality 
invariant approaches to String Theory make sense beyond the classical level? By a 
careful quantum treatment we will provide evidence that the answer to this question is 
yes. Along the way we will provide perspectives on different notions of T-duality and 
different approaches to duality invariance in String Theory. 

1.4 Structure of Thesis 

In Chapter 2 we provide a detailed introduction to T-duality in the simplest setting - 
that of radial inversion duality for a bosonic strings with a single compact dimension. We 
provide various derivations of the T-duality including the Buscher procedure and also 
using canonical transformations. A new result included in this section is a derivation 
of Fermionic T-duality by means of a canonical transformation. We also point out 
that the canonical transformation approach can also be straightforwardly extended to 
Ramond-Ramond backgrounds. 

Chapter 3 reviews abelian T-duality for the case of many extended dimensions and 
the associated 0{d, d, Z) duality group. In this chapter we also introduce T-folds - string 
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backgrounds which are constructed by gluing locally geometric patches with T-duality 
for transition functions. Finally, we introduce the Doubled Formalism. 

In Chapter 4 we examine the quantum properties of the Doubled Formalism. We con- 
sider the one-loop effective action obtained by performing a background field expansion 
of an action that corresponds to the Doubled Formalism together with its supplementary 
constraint. We calculate the Weyl divergences in the effective action and the associated 
beta-functionals. Demanding that these divergences vanish produces a set of equations 
which the background fields must satisfy. After the inclusion of a suitable dilaton field 
into the theory we show that the background field equations for the Doubled Formal- 
ism are consistent with those of a conventional string theory description of a toroidal 
compactification. We also consider the possibility of Lorentz anomalies and show that 
contributions to such anomalies in the effective action cancel out non-trivially. 

In Chapter 5 we apply similar techniques to the context of Poisson-Lie T-duality, 
an extension of Abelian T-duality. We calculate the renormalisation of the Poisson-Lie 
duality symmetric action. We show that the resultant beta-functions match those of the 
two T-dual related sigma- models, first by means of explicit examples and then through 
an algebraic argument that holds in all generality. 

Following Chapter 5 we present brief conclusions. There are several appendices to 
this material containing useful background information on conventions, notation, the 
background field method and dimensional reduction. Also the calculations of various 
Wick contractions relevant to both chapter 3 and 4 are placed in this appendix. 
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T-DUALITY 

This chapter serves as an introduction to target space duality (T-duahty) in 
String Theory. We begin with a historical context and summary of the basic 
approaches to T-duality. Additionally we illustrate how the fermionic ex- 
tension to T-duality can be viewed classically as a canonical transformation 
in phase space. 

2.1 Twenty-five Years of T-duality 

One of the most profound lessons that String Theory has taught us is that we can not 
always trust our classical notions of geometry when attempting to understand physics 
at its most fundamental level. This is well illustrated by target space duality which 
heuristically states that strings do not make a distinction between large and small 
compact spaces in which they propagate. This is an intrinsically stringy effect not found 
in conventional field theory and is only made possible by the fact that closed strings have 
the ability to wind themselves around compact dimensions. T-duality gives rise to the 
notion that there is a minimum length scale for String Theory set by the inverse string 
tension. T-duality is one of the cornerstones of String Theory and forms an integral 
part of the intricate web of dualities between different varieties of String Theory. Prom 
a space-time perspective T-duality can be thought of as a solution generating symmetry 
of the low energy effective theory. As we shall see, from the string world-sheet point of 
view it can be though as a non-perturbative symmetry. 

The pre-history of T-duality reaches back almost a quarter of a century to the early 
studies of toroidal string compactifications in which the first evidence of a symmetry 
in the one-loop effective potential for the compactification radius was observed. Using 
techniques and results from [45], it was shown in [46, 47] that this potential had a 
minimum when the compactification radius R = y/o/ and displayed a symmetry under 
the inversion R — >■ a'/R. Following the seminal work of Narain et. al. [48, 49] it 
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was understood [50, 51] that this Z2 inversion symmetry is part of a larger of group of 
duaUties given by 0{d,d,Z) for strings compactified on a d-dimensional torus. 

The more modern perspective of String Theory has its roots in the pioneering work 
of Buschcr [52, 53] in which T-duality was derived from a world-sheet perspective as a 
symmetry of the string path integral. The relations between the dual geometries that 
arise as the result of performing the manipulations in [52, 53] have become known as 
the Buscher rules. This world-sheet approach to T-duality was developed further in the 
early 1990's [28, 54-57] and good reviews of this period can be found in [58, 59]. 

With T-duality well understood in the case of toroidal backgrounds with commuting 
isometries, much attention then turned to cases where the internal space possessed non- 
abelian isometry [57, 60-63] . An important development in this direction was made by 
Kilmcik and Severa with the introduction of Poisson-Lie T-duality [31, 32, 64] which 
depends on an interesting mathematical structure known as the Drinfeld double. Despite 
much effort, it proved impossible to establish the validity of these non-abelian dualities 
for all genus of string world-sheet. These non-abelian 'dualities' are best thought of as 
maps between related conformal field theories [60]. Nonetheless, it seems that T-duality 
should have extensions beyond the case of abelian isometries where Buscher rules can 
be applied and this remains an area of current research [38, 44, 65]. 

It has long been known that backgrounds for string compactification need not be 
smooth geometric manifolds and may be, for example, orbifolds. An area that has re- 
ceived much attention over recent years has been the idea of using T-duality to construct 
new 'non-geometric' compactifications [39-44]. Prom a string perspective, a perfectly 
good background for compactification is one which is locally geometric but not a mani- 
fold since patches are joined together with T-dualities for transition functions. Roughly 
speaking, in these compactifications which have become known as T-folds, big circles 
may be joined to small circles and momentum modes glued to winding modes. Such non- 
geometric backgrounds may play a crucial role in moduli stabilisation [66] and certainly 
are an important part of any string landscape. 

Some other remarkable aspects of T-duality include its application to mirror sym- 
metry of Calabi-Yau manifolds [67]; this is important from both a mathematical point 
of view but also for string compactifications. A very exciting recent application of 
T-duality has been its use in exposing some unexpected properties of = 4 supersym- 
metric Yang-Mills theory; namely, the connection between scattering amplitudes and 
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Wilson loops and related underlying 'dual' superconformal symmetry. By performing 
successive T-dualities to the gravity dual AdS^ x S5, Alday and Maldacena [68] were 
able to map a configuration describing a scattering amplitude to a configuration describ- 
ing a Wilson loop. The T-duality explanation was clarified further by Berkovits and 
Maldacena [69] who showed that when a fermionic extension to T-duality is included 
the AdS^ X S5 background is exactly self dual. 

Given the importance of T-duality and its many applications, it is desirable that 
this symmetry is made manifest in the string sigma model. There have been various 
attempts in the past to develop a formalism where T-duality is a symmetry of the action 
including [27-35]. Many of these approaches share a common theme; one considers 
strings propagating on a target space which is enlarged so as to accommodate both the 
physical target space and its T-dual partner. The advent of non-geometric backgrounds 
has motivated a resurgence of research into duality symmetric String Theory most 
notably the 'Doubled Formalism' championed by Hull [36-38] . 

2.2 Radial Inversion Duality 

In this section we will illustrate T-duality in its simplest context, that of bosonic strings 
propagating in a fiat target space with a single compact direction. The moduli space 
of such conformal field theories are parameterised by the radius R of the compact 
dimension. Prom a field theory perspective one might anticipate that there is a one- 
to-one map between any real value of R and distinct field theories. However, due to 
the winding modes of closed strings there exists a Z2 duality group that identifies the 
theory at radius R with the theory at radius a'/ R. 

We shall provide four different perspectives demonstrating this duality: firstly, the 
path integral derivation of Buscher [52, 53] complete with some of the more subtle 
global aspects as discussed by [28, 56]; secondly, a proof that the partition function is 
invariant under T-duality which also clarifies the transformation of the dilaton; thirdly 
a demonstration of the duality in canonical quantisation and finally we present how 
T-duality can be realised as a canonical transformation of phase space variables. 



15 



CHAPTER 2. T-DUALITY 



2.2.1 Path Integral (Buscher) Approach 

We consider String Theory whose target space is d dimensional fiat space with coor- 
dinates but with one direction periodic and so we may write = {x^,0). We 
choose to work with dimensionless radii and coordinates and with conventions outhned 
in Appendix A. With these conventions ^ ~ + 27r and Goe = R^- Furthermore, let us 
assume that conformal gauge has been adopted on the world-sheet so that the string 
sigma-model is given by 



So = ^ J (fa{G + B)ijd+X^d-X'^ 

= ^ f (fa R^d+ed-0 + Eied+x'd-e + Eeid+9d-x' + Eijd+x'd-x^ , (2.2.1) 
47r J 



in which we have adopted light cone coordinates = ^(ntfj) and defined a generalised 
metric E = G + B. To begin with we shall consider just a classical procedure when the 
world-sheet is of genus zero. 

To exhibit T-duality we first notice that the sigma model (2.2.1) possesses a global 
L'"(l) symmetry whose action is 50 = oj. It is therefore natural to consider gauging this 
symmetry which we can do by introducing a U{1) valued gauge field A = A^da'^ + 
A-da" which has a gauge transformation rule SA = —dco. The covariant derivative is 

De = de + A. (2.2.2) 

We constrain the gauge connection to be flat using a Lagrange multiplier. With this 
constraint the gauged sigma model 

Si = ^ [ d'^a R^D+eD_9 + Ei0d+x'D_9 + EoiD+ed-x' 
Att J 

+Eijd+x'd-x^ + AF+_ , (2.2.3) 

is actually equivalent to the ungauged sigma model (2.2.1). This can be seen by invoking 
the constraint = which can be solved locally by 

A+ = d+(f) , A_ = 8-4) . (2.2.4) 

There are of course some global concerns that we must treat carefully on an arbitrary 
genus world-sheet to which we shall shortly return. Substituting this pure gauge con- 
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nection back into (2.2.3) yields 

Si = ^ [ (fa R^d+{e + (f))d-{d + (!)) + Ei0d+x'd-{9 + (t)) 
Air J 

+Eeid+{B + 4))d-x' + Eijd+x'd-x^ (2.2.5) 

which is equivalent to (2.2.1) after a trivial field redefinition. 

However, there is an alternative way in which one can proceed; by performing inte- 
gration by parts one may express the gauged action as 

= 1- J fa R^D+eD_e + Eiod+x'D.e + EeiD+Od-x' 

+d-XA+ - d+XA- + Eijd+x'd-x^ . (2.2.6) 

In this form the gauge fields are auxiliary (they have an algebraic equation of motion) 
and can be eliminated via their equations of motion. This procedure is made simplest 
by fixing the gauge in which ^ = where the relevant equations of motion become 

= R^A+ + Eigd-x' -d+X , 

= R^A^ + Eoid-x' + d-X. (2.2.7) 
Replacing A± by these expressions results in an action given by 

S2 = ^J (fa^d+Xd-X-^Eied+x'd-X+^Eeid+Xd-x'+(^Eij - d+x'd-x^ 

(2.2.8) 

This dual action is of the same form as the initial sigma model (2.2.1) but with the 
following redefinitions 



Gee 



1 

Gee ' 
1 



'^ee 

Eie — > —EiQ—;—, 
^ee 

Eij Eij — Eig——Egj . (2.2.9) 



This derivation is, in essence, due to Buscher [52, 53] and the above transformations 
and their generalisations are known as the Buscher rules. Since the actions and ^2 
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axe both equivalent (so far classically) to a common action Si we say that these are dual 
descriptions of the same physics. It is from this perspective that we can consider this 
a non-perturbative duality on the world-sheet by regarding R as the coupling constant. 
In fact, this derivation is somewhat similar to that used in showing S-duality in the 
Lagrangian of A/" = 2 gauge theories in four dimensions wherein a Lagrange multiplier 
is used to enforce the Bianchi identity for the field strength; if instead of integrating 
out the Lagrange multiplier one integrates out the gauge field itself one finds the S-dual 
action [16, 17]. 

Wc now move to the path integral version of the duality for an arbitrary genus 
world-sheet. The first addition we make is the inclusion of a dilaton field^ ^ coupled to 
the world-sheet curvature by means of a Pradkin-Tseytlin term [70]: 



One can place this action in a path integral and repeat the above steps. The only 
difference is that the gauge fields are now formally integrated out as a Gaussian inte- 
gral. Performing this integral results in a determinant factor which can be absorbed by 
transforming the dilaton field appropriately [52, 53, 71]. Hence, at the level of the path 
integral one must supplement the rules (2.2.9) with a dilaton transformation 



For a constant dilaton, the Fradkin-Tscytlin term is proportional to the Eulcr character 
of the world-sheet. In the Polyakov path integral for the string we sum contributions 
of all genus weighted by their Euler character. Since wc are now considering arbitrary 
genus world-sheets we must return to consider global issues. 

The key question is whether the gauged sigma-model is globally equivalent to the 
ungauged sigma model and, in particular, what happens to the topological information 
contained in the gauge field. On a world-sheet Riemann surface of genus g there are a 
set of 2g canonical homology one-cycles labelled (Aj,Bj) and one must therefore keep 
track of the information contained in the holonomies of the connection around these 
cycle given by the path ordered exponential Vexpi^^A. For the two sigma models 

Henceforward (p refers to the dilaton field and not the pure gauge part of the gauge field introduced 
earlier. 




(2.2.10) 



(2.2.11) 
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(2.2.3) and (2.2.1) to be truly equivalent as conformal field theories we require that 
such holonomies are trivial. To see how this works we look at the torus world-sheet and 
use the Lagrange multiplier term given by 



In the path integral we should sum over all configurations for A including topological 
sectors. We therefore write 



where A is single valued, and where {a, (3) are the Poincare dual 1-forms to the cycles 
{A, B) obeying <f^a = P = 1 and £^ /3 = a = 0. L is an, as yet undetermined, 
periodicity for the Lagrange multiplier. In the winding sector of the path integral we 
have, making use of Riemann's bilinear identity (see e.g. [72]), 



Then when the periodicity of the Lagrange multiplier is tuned such that L = 1 we find 
that the holonomies of the gauge field are just the identity element of U{1). Thus, 
integrating out the single valued piece of the Lagrange multiplier puts the gauge field 
in pure gauge as before and integrating out the winding modes of the gauge field makes 
the holonomies trivial [28].^ One can readily extend this argument to higher genus by 
simply adding in a sum over canonical pairs of homology cycles. In a similar way one 
can show that the constant mode of the Lagrange multiplier enforces the constraint 
f^F = and hence restricts the curvature to a trivial class. These arguments ensure 
the full equivalence of the gauged and ungauged sigma models. 

^When extending to non-abelian T-duality the Lagrange multiplier no longer constrains the 
holonomies of the gauge connection - an immediate obstruction is that in the non-abelian case the 
holonomies require path ordering which is not captured in the above analysis [60] . 




(2.2.12) 



dX = dX + 2TrLpa + 27TLqP , p,qeZ 



(2.2.13) 




(2.2.14) 
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2.2.2 Partition Function Equivalence 

A feature of any duality is that there exists a precise matching of the spectrum and 
partition function in both T-dual models. Let us illustrate this feature by demonstrating 
the equivalence of the partition function for a single compact boson under T-duality. We 
begin by considering a torus world-sheet S with modulus r = ri + iT2 whose partition 
function is given by 

Z[t, R]= j [dX] e-€kdx^*dx _ (2.2.15) 

There are two contributions to this partition sum: oscillations about globally defined 
solutions of the equations of motion and instanton/winding contributions. The oscillator 
sector is Gaussian and produces a determinant which can be evaluated by considering 
a basis of eigenfunctions to yield the standard result [73] 

Zosc[R] = R (det'D)"^ = ^, , (2.2.16) 



in which the factor R comes from the normalisation of the zero mode integration in 
the path integral^ and the prime on the determinant indicates that the zero mode 
contribution is omitted when multiplying eigenvalues. We now consider the instanton 
contribution by considering the cohomological contributions of the form: 

dX = 27r(na + m/3) (2.2.17) 

where a suitable basis for the cohomology is given by 

a = dai- —da2 , P = ^da2 . (2.2.18) 

Since Hodge star acts on this basis of forms as^ 



|2 



a + ^/?, */3 = -^a-^B, (2.2.19) 



T2 T2 ^2 T2 



^There is only one zero mode since 6o = 1 for the compact Riemann surfaces we are considering. 
''Since here we are working with a EucUdeanised world-sheet (*)^ = —1. 
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the instanton sector provides a contribution to the partition sum is given by 

Zinst = exp[-^^(n^|rp - 2nmTi + rri^)] . (2.2.20) 
■'"2 

We may use the Poisson re-summation formula and Gaussian integral formula 

J2finT + t) = ^ J] y"dx/(x)e-2--*^/V-'=*/^ (2.2.21) 



/ 



n 
oo 



^^^-bxHcx ^ (2.2.22) 



to recast this expression in a more illuminating way. After completing the square and 
then re-summing over m we obtain 

Zinst = 5Z\/5'^''P(~''^'(^'"' + :|2 (2-2.23) 



= II\/]^exp(7rzrpli-7rirpi) (2.2.24) 



where we have introduced 



It is important to note that there is a factor of R obtained from performing a Gaussian 
integral after re-summation. For a higher genus g world-sheet we need to include the 2g 
dimensional basis of canonical cycles. The manipulation is basically the same, however 
one should remember that the modulus r is now &gxg period matrix Tij with i = 1 . . .g.^ 
Thus, winding and momenta numbers are now vectors in Z^. Upon doing the Gaussian 
integral a determinant factor is produced which gives the result for genus g 

Zinst[R] = XI det(r2) ^-R"^ exp {mpRTpR - mpLfpL) ■ (2.2.26) 

n,s 

All told, at genus g the full partition sum Zg[R\ = Zosc[R]Zinst[R] has R dependance of 
R^-9. 



^If uji are a standard basis of of (l,0)-forms of ii/(i^o)(2^i ^) the period matrix is defined by ujj = 6ij 
and £„ cuj — Tij (see [72] for more details). Note that for the genus one torus cj — q:+t/3 — dcri -\-id(T2 — 
dz. 
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To consider the T-dual partition function we replace R ^ ^. For the a genus g 
contribution we have 

Zg[R~^] = R^<^-'^Zg[R] = R~^Zg[R] (2.2.27) 

where % = 2 — 2^ is the Euler character of the world-sheet. In the Polyakov path integral 
we sum over all genus of world-sheet weighted by their Euler character^ 

Z[(f), R]=Y^ e-2^Zg[R] . (2.2.28) 

9 

Then we conclude that the full partition function is invariant providing the dilaton shifts 
as 

Z[(t) - 2ln R, R-^] = Z[(f>,R], (2.2.29) 
which is in accordance with the stated result (2.2.11). 



2.2.3 Spectral Approach to T-duality 

T-duality is, perhaps, most easily observed by examining the spectrum of the bosonic 
string obtained from a simple canonical quantisation. We consider a single periodic 
boson and revert to the more traditional conventions in which the boson has dimension 
and periodicity X c:^ X + 2'itR. The equations of motion arising from the action 

S = / (fadaXd'^X , (2.2.30) 

Aira' J 

are simply 

d+d-X = 0. (2.2.31) 

^Note that in our conventions, chosen to be in accord with the literature on T-duality e.g. [58], the 
dilaton comes with a factor of a half in the wieghting of the Polyakov sum; this corresponds to the the 
normalisation of the Pradkin Tseytlin term. Whilst this may differ from other places in the literature 

note that it is only a naming convention, the important unambiguous quantity is the string coupling 
constant defined so that each loop in closed string perturbation theory comes with a factor gl, in our 
convention as Qc = (e^) . 
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These have the solution 

X = XLia+) + XR{a-) , (2.2.32) 
which can be expressed in Fourier modes by 

The periodic identification in target space allows us to consider the general closed string 
boundary condition X(t, a) = X{T,a + 27r) + 2'imR where n G Z is the winding number 
of the string. Since 



X{T,a + 27r) - X(r, a) = 27ry - {pL - Pr) (2.2.35) 
we require a quantisation condition 

PL-VR = Rn^, neZ. (2.2.36) 

A further constraint arises since the total centre of mass momenta on a periodic direction 
must be quantised.^ This total momenta is given by the integral over the length of the 
string of the conjugate momenta to X. One finds that 

P=^{pl+Pr) = ^, sGZ. (2.2.37) 



'2a 

Hence we find that 

which is in accordance with (2.2.25). 

To obtain a critical string theory we supplement this compact direction with a further 
25 non-compact directions. Using the twenty-five dimensional mass shell = —p^iP^ 



A. nice way of thinking about this is that the operator which corresponds to a complete circulation 
around the compact direction i.e. exp(ip27ri?), should be realised as the identity on states. 
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(where /i = . . . 24) condition and the Virasoro conditions on physical states we find 
that the mass of a closed string state is given by 

where N and N are the standard number operators. This is invariant under 

(2.2.40) 

which is the action of T-duality.^ In the limit where the i? — t- oo it is clear that the 
winding modes become heavy and the momentum modes tend to a continuum, as would 
be expected for a non compact direction. In the opposite limit i? ^ 0, we find that 
the momentum modes become heavy and the winding modes become a continuum. The 
limits oo and — > are physically identical with the role of momenta and winding 
switched. 

2.2.4 T-duality as a Canonical Transformation 

An alternative way to think about T-duality, albeit classical in nature, is as a canonical 
transformation of phase space variables, first demonstrated in [57, 74]. This approach 
has a certain elegance since it does not require the introduction of any structure such as 
the gauge fields introduced in the Buscher derivation. We briefly review this calculation 
in the simplest setting before considering its extensions. 

We begin with the bosonic sigma-model Lagrangian 

£ = ^ (G + B)ijd+X'd^X' , (2.2.41) 

and, as before, demand that the background fields are independent of some coordinate 
xi. We define 

J+ = ^Eiid+x\ J- = ^Eiidix\ V = -^Eijd+x'd-x^ (2.2.42) 

**Thc oscillators arc also transformed as a„ o a„ and q,i o — q„ and so from a world-sheet 
perspective T-duality has the effect of a reflection under which left movers are even and right movers 
are odd. 
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such that the momenta conjugate to xi is given by 

SjO 

p = — = R^xi + J+ + J_ . (2.2.43) 
dxi 

The 'Hamiltonian' obtained by performing the Legendre transform only on the active 
field xi is then 

11 

^ " ^f^' - (•^+ + '^-) + (•^+ - '^-) 4 + ^4' 

+^iJ+ + J-f + V. (2.2.44) 

We now propose the following canonical transformation (a map (p, xi) — > {p,xi) to a 
new set of phase space variables which preserves the symplectic structure): 

p = x[, x[=p. (2.2.45) 

One can readily verify that these transformations can be obtained from a generating 
functional that is independent of time and is given by 



such that 



= \J daxix[ - x[xi , (2.2.46) 



Since the generating function is time independent we have the standard result 
H{p,xi) = H{p,xi). 

What is both remarkable, and the crux of the arguement, is that the dual Hamil- 
tonian can be cast into exactly the same form as the original Hamiltonian after a re- 
definition of the background fields. After some simple algbera one establishes that the 
required redefinition of the background fields corresponds exactly to Buscher T-duality 
rules for Ejj. Hence T-duality related sigma models are canonically equivalent. Of 
course, since this approach is classical in nature it does not yield the dilaton transfor- 
mation rule although it has been suggested that this can be recovered by considering the 
normalisation of the functional measure in phase space [75]. This canonical approach 
has been extended to the Ramond-Neveu-Schwarz (RNS) form of the superstring [76] 
and also to non-abelian and Poisson-Lie T-duality [75, 77-79]. 
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2.3 Canonical Transformations in Ramond Backgrounds 

Thus far we have only considered the bosonic string, however, when considering the 
superstring the Buscher rules as we have presented them are incomplete. The massless 
background fields which can couple to the Type II Superstring, and which correspond to 
the fields of Type II Supergravity, include not only fermionic fields but also additional 
bosonic fields namely the Ramond-Ramond (RR) fluxes. It is important to understand 
the transformation rules of these fields since many very important string backgrounds 
have non zero RR flux, most notably AdS^ x 55 . The purpose of this section is two-fold, 
firstly to understand T-duality in backgrounds with non-trivial RR flux and secondly 
to point out that the canonical approach to T-duality is also applicable in this case. 

The transformation rules for the RR sector were first established in [80] by comparing 
the dimensional reduction of IIA supergravity to nine-dimensions with that of the IIB 
theory. This approach is limited in the sense that it is a first approximation in a' and 
lacks the non-perturbative robustness of a world-sheet derivation d la Buscher. Such 
a derivation was provided using the Green Schwarz (GS) form [81, 82] and recently 
a somewhat more compact derivation was provided [83] using Berkovits' Pure Spinor 
formalism of the superstring. 

The Pure Spinor approach to the superstring allows both manifest space time super- 
symmetry and covariant quantisation thereby combining the strengths of the RNS and 
GS approaches. For the purpose of this thesis, however, the virtue of the Pure Spinor 

formalism is that it readily describes strings in backgrounds with non zero RR fluxes. 
It would be somewhat lengthy, and lead us too far astray from the theme of this thesis, 
to fully review this formalism.^ Instead we immediately present the form of the Pure 
Spinor string when coupled to background fields [86]. 

The action in a curved background is given by 



+ E'j^{Z)dadZ^ + E%{Z)de,dZ^ + nMaHZ)X'^wpdZ^ + nMaHz)>^^w^dZ 



s = 




(fz \{Gmn{Z) + BMN{Z))dZ^dZ'' + P''\z)da^ 



+ 




(2.3.1) 



® Comprehensive introductions to this can be found in the lecture notes [84, 85]. 
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This rather comphcated action requires some explanation. The fields describe 
mapping of the world-sheet into a superspace and can be broken up into bosonic and 
fermionic parts = {Z"" , 9°^ , 6^) . In the type IIA theory 6 and 9 have opposmg 
chiralities whereas in the IIB theory they have the same chirality. 

The remaining fields Ua and A" are commuting spinors of the ghost sector. A" is a 
pure spinor obeying a constraint A"7^A^ = 0. The field oja is the conjugate momenta 
to A". The term in the action Sx is a kinetic term for the ghost sector which plays 
no role in this discussion. In flat space da is given as the constraint that the momenta 
obey and does not enter into the action but it is used to build the nilpotent BRST 
operator. However, in the curved space action, we view da as an independent variable 
and demanding that the BRST operator is nilpotent and holomorphic requires that the 
background fields obey the equations of motion of type II Supergravity. 

We now give a brief description of the various background superfields entering into 
the action (2.3.1). The superfields Gmn and Bmn contain as their lowest component 
bosonic parts the NS sector metric and two form and obey a graded symmetrization: 

Gmn = {—)^^Gnm , Bmn = —{—)^'^B]sim , (2.3.2) 

in which (— )^-^ is equal to +1 unless both M and N are spinorial indices in which case 
it is equal to —1. We combine these fields by defining L = G + B.^^ 

The field P"'^ contains the information about the RR sector fiuxes and has lowest 
components'^ 

P''\=e=o = -r^^'F-^ (2-3.3) 

where F*^^ is the Ramond-Ramond field strength in bispinor notation (the sum of ^form 
fluxes contracted with the antisymmetric product of p gamma matrices). 

The field E'^j is part of the super-vielbein superfield and when the index M cor- 
responds to bosonic coordinate (M = m) the lowest component is the gravitino. The 
fields 0,ma ^ contain as their lowest spin connection modified with torsion generated by 
the field strength of Bmn- The field Ca ^ is related to the gravitino field strength and 

^"Here notation L has been used for this combination rather than E to distinguish it from the vielbein. 

^^This expression has been modified in comparison to [69, 86] so as to keep with the definition of the 
dilaton field used already in thesis. Our conventions are such that (f>here = '2(l>there- 
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S^^ to the Riemann tensor (generalised to include torsion). 

For this action a Buscher procedure was used in [83] to derive the T-duality rules. 
It is also straightforward, if a little tedious, to verify that the canonical transformation 
approach can also be applied to this general form of the action. We follow exactly the 
same steps as in the simple scenario making the replacement 

d^d+, d^d-, (2.3.4) 

with the J± now more complicated than the expressions in (2.2.42), for example, 

J+ = hnd+Z' + Efda + J^icf A"w^ , (2.3.5) 

with a similar expression for J_ involving d- derivatives and hatted fermionic variables. 
The potential V is also suitably modified to a rather lengthy expression which can be 
easily read from the action. 

We use exactly the same canonical transformation as for the simple case i.e. 

p = x'l , x'l = p . (2.3.6) 

and supplement this with a transformation of hatted fermions which acts by multiplica- 
tion of the gamma matrix 7j (the overbar indicating that this is the flat space gamma 
matrix which squares to the identity rather than the curved space gamma matrix) . The 
supplementary transformations of fermions are trivial from a canonical point of view 
but are required since T-duality maps the type IIA and type IIB theories to each other. 

Performing these transformations results in a Hamiltonian of the same form as the 
initial Hamiltonian (albeit with different chiralities of fields) with the background fields 
being redefined according to T-duality rules. For the metric sector (now promoted to 
superfields) these are the obvious generalisation of the Buscher Rules: 

Gu^^, Lu^^, Ln^-^, Lu^Lu-i-Y'"^. (2.3.7) 

Crll (jll (jrll Crll 

The RR fields transform according to 



G 



11 
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In addition there are transformation rules for the spin connection, vielbeins and curva- 
ture which we omit for brevity and which can be found in [83]. As before, the canonical 
transformation does not immediately tell us about the transformation rule for the dilaton 
but the path integral calculation reproduces the expected transformation law (2.2.11). 

To better understand the transformation law for the RR fields we 'unpack' the ex- 
pression (2.3.8) for a simple case, namely that of a bosonic background (so the gravitino 
component E^^ is set to zero) with no B field and no off-diagonal metric pieces. Starting 
from IIB and going to IIA, with tildes indicating IIA T-dual fields, we have from (2.3.8) 
that: 

4>/2 I ]^~mim2 p[2] , ~mim2m3m4 p[4] \ H Q) 

^ \ 2! mim2 ^1 ' mim2m3m4 I y^.^.^jj 

in which we have suppressed the spinor indices. Notice that the gamma matrices on 
both sides actually differ; they are in curved space and so are dressed with the vielbeins 
of the two dual geometries. For the simple metric ansatz we have that 7' = 7* for i 7^ 1 
and 7^ = Gii7^, and 71 = y/Gnj^. Then we can see that the left hand side of (2.3.9) 
becomes 

e^/^^ {^I'^Fjf + Gnj'j'Flf + . . . ) (2.3.10) 
whilst the right hand side becomes 

e^/' (j'fP + yi^W + Ip^^l'Fgl + . . . ) 7^^ (2.3.11) 

where ellipses indicate the higher form contributions. Since F^^ = diA^^^ = by virtue 
of the fact that the background should be independent of xi we find that the RR fluxes 
are related by 

p[2] ^ p[3] p[2] ^ p[l] 

and similarly that 

p[4] ^ Tp[5] p[4] ^ p[3] 

ijkl ijkll ' ijkl ijk ' 

These T-duality rules have a natural interpretation in terms of D-branes which source 
the RR fluxes [87]. Performing a T-duality along the world volume of a Dirichlet p- 
brane results in a (p— l)-brane whereas the dual in a direction orthogonal to the brane's 



(2.3.12) 
(2.3.13) 
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world volume yields a (p+l)-brane. This interpretation is natural in the context of open 
strings which may end on D-branes; performing a T-duality in a certain direction has 
the effect of switching Neumann and Dirichlet boundaries conditions in that direction 
and thus the dimensionality of the Brane changes. 

2.4 Fermionic T-duality as a Canonical Transformation 

As a final application of the canonical approach to T-duality we now consider the 
fermionic T-duality proposed by Berkovits and Maldacena [69]. Essentially one repeats 
the Buscher procedure when there is a shift symmetry in (a non-compact) fermionic 
direction. This interesting new development has been been employed to explain the 
connection between Wilson loops and scattering amplitudes in = 4 supersymmetric 
gauge theory (see also [68] and [88, 89] for more about the role T-duality plays in 
this story). Whilst this fermionic T-duality only holds, at least in its present form, at 
tree level in string perturbation it represents a new solution generating symmetry of 
Supergravity [90] . 

We consider the Lagrangian density 

C=hMNd+Z^d-Z'' (2.4.1) 

where as before = {x"^, 6°') are coordinates on a superspace so that the 9 variables 
are anti-commuting fermions. One may either view this as a warm-up before considering 
the pure spinor action or in its own right as the Green Schwarz action in curved space. 
The superfield Lmn = Gmn + Bmn is the same as that of the previous section with 
lowest components corresponding to target space metric and B-field. 

We assume the action is invariant under a shift symmetry in one of the fermionic 

directions which we denote as 6 and that the background superfield is independent of 
this coordinate (this is much the same as working in adapted coordinates for regular 
bosonic T-duality). We define Z^ as running over all bosonic and fermionic directions 
except 9. 

We wish to establish whether fermionic T-duality can be understood as a canonical 
transformation. Our strategy is to assume the T-duality rules presented in [69] and to 
search for a suitable transformation. 
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With the defintions 

1 



B00 = B, V = -^-Lj^^dZ^dZ"" , 



2 

2 



J+ = , J_ = -(-)^ L,^a_Z^ , (2.4.2) 



the sigma model Lagrangian can be written as 

£ = -Bee' + {e + e')j- + j+{e -e')-v . (2.4.3) 

The canonical momenta conjugate to e is given by 

n = ^ = -Be' -J+ + J- (2.4.4) 

se ^ ' 

and obeys the Poisson Bracket 

{eia), U{a')}pB = -Sia - a') . (2.4.5) 

Note that the sign convention in this equation is a consequence of the fermionic nature 
of e and the fact that derivatives act from the left. 

Since the Lagrangian is first order in time derivatives, the velocities can not be solved 
in terms of momenta and instead we have an anti-commuting second class constraint: 

f = U + Be' + J+- J-!=^0 (2.4.6) 

The naive Hamiltonian is given as 

H = eu-ji: = -e'{j+ + j_) + y , (2.4.7) 

however, this should be amended to take account of the constraint. We follow the Dirac 
procedure^^ by first modifying the Hamiltonian with an, as yet unknown, local function 
which resembles an anti-commuting Lagrange multiplier: 

Hi = J da [n{a) + A(a)/(a)] . (2.4.8) 



^See [91] for a detailed treatment of constrained systems. 
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We now need to check whether any secondary constraints are produced by considering 
the time evolution of the constraint and demanding that 

f = {f,Hi}p.B.^O. (2.4.9) 

In order to calculate this time evolution it will be necessary to know 

{f{a),f{a')}p.B. = {U{a)+Be'{a),U{<^') + B{a')e'{a')}p.B. 

= B{a')ma),e'{a')}p,B.+B{a){e'{a),n{<^')}p.B. 
= (B{a')-B{a))-^6{a-a') 

= -B\a'){a-a')^5{a-a') + ... 

= B'{a')6{a-a'), (2.4.10) 

where the dots indicate higher terms in the Taylor expansion which yield no contri- 
bution upon making use of the identification xS{x) = 0. Note that since the Poisson 
bracket of these constraints is non-zero they are second class constraints; to consider 
the quantisation of the theory one should upgrade Poisson brackets to Dirac brackets. 

We also need that 



{f(,a),n} = -{U,e'{J+ + J.)} (2.4.11 

_d_ 
da 



iJ+ + J-)^S{a-a'). (2.4.12) 



Then the time evolution is given by 

/(a) = {f{a),H,}pB. = Jda'{J+ + J.)-^6ia-a')-\{a')B'{a')6ia-a') 

= -iJ+ + J^y-X{a)B'{a), (2.4.13) 

note that the minus sign in the second factor is due to the fact that X{a) is anti- 
commuting. Demanding that /(a) does not produce a new constraint but instead 
fixes the Lagrange multiplier function as 
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Thus, the total Hamiltonian is given by 

Ht = -e'{J+ + J-) + y - (■^+ + -^-)' (n + bo' + j+ - j_) . (2.4.15) 



Since the T-dual theory has the same structure as the initial theory the dual total 
Hamiltonian is also of the form 

Ut = -e'iJ+ + j_) + y - ^'^+t/~^' (n + M + j_) , (2.4.16) 

where the dual background fields are related according to the fermionic T-duality rules 
of Berkovits and Maldacena [69] 



-S = --^, /± = ^, Lj^fj = Lmn - ^L^fjLj^^Q. (2.4.17) 



We now ask whether there exists a transformation (0, H) — >■ {9, H) such that 

'Ht = 'Ht, (2.4.18) 

and moreover whether such a transformation is canonical. This implies relationships 
between the background fields in the two canonically equivalent models which take the 
form of T-duality rules. 

Writing the dual Hamiltonian in terms of the original background fields yields 



~9'^^±^ + V + ^L,,L^ed^Z-d^Z- 

+^^±^(J+ + J-)', (2.4.20) 



in this we have used that 



J+ J_ = -\{-fL^,d+Z^L,^d.Z^ = \L,^L^,d+Z^d.Z'' . (2.4.21) 
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We now compare this against the initial hamiltonian, which we rewrite as 

+ ''-^^(J++J-)'- (2.4.22) 

Then we deduce that the transformation 

e' = -Ii, fi = e' (2.4.23) 

ensures that H = 'H provided that the backgrounds are related by fermionic T-duality. 

One should still check whether this is indeed canonical in the sense that it preserves 
Poisson bracket. We have that 

{n(c7), 9{a')} = -5{a - a') , {U{a), 9' {a')} = +^6ia - a') . (2.4.24) 

We now consider the action of the transformation: 

^S{a-a') = ma), 9' {a')} = -{§' ia),Il{^')} = -A{^»,n(^')} (2.4.25) 

We thus conclude that 

{9{a),fl{a')} = -S{a - a') + const (2.4.26) 

which establishes that the proposed transformation is indeed canonical up to a zero 
mode ambiguity which is present also in the bosonic case. We remark that these trans- 
formations are the same as the bosonic case up to a crucial sign swap due to the fermionic 
nature of the variables. It seems likely that this result is a natural consequence of su- 
per symmetry. In fact, in order that the transformations be canonical it is sufficient that 
they may be obtained from a generating function (of the first kind) which is given by 



so that 



= j da9'9 (2.4.27) 



S=n, S = -n. (2.4.28) 
59 ' 59 

We note that the total Hamiltonians presented are formally equivalent but may dis- 
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play some singular behaviour when the function B'{a) has zeros. This is somewhat 
similar to the fact that in bosonic T-duality the Hamiltonians may have singular be- 
haviour due to fixed points of the Killing vector action. Of course, when B is constant 
things seem particularly divergent. In this case however, the term in the Lagrangian 
B9'9 is purely topological in nature. ""^^ Since the fermionic T-duality only holds for triv- 
ial topology anyway we may safely ignore such a contribution. It would be interesting 
to better understand what B'{a) = means in the context of the supergravity. For in- 
stance, in the full pure spinor formalism supergravity torsion constraints mean that the 
derivative of B can be related to a certain Killing spinor bilinear [69]. One would thus 
expect that the singular behaviour of the Hamiltonian can be traced to some special 
behaviour of the Killing spinors. This represents the topic of ongoing research which 
the author hopes to be able to report on soon. 

A final comment on this derivation was that the construction of the total Hamil- 
tonian was essential in finding the duality transformations; the naive Hamiltonian was 
independent of momenta whereas the correct canonical transformation switches mo- 
menta and position. 

2.5 Further Perspectives 

Before continuing to the more general setting of several compact directions it is worth 
briefly mentioning at this stage a number of important further perspectives on the topic. 

• Because of T-duality the moduli space of the theory of a single compact boson is 
M/Z2. This space has singularities at the fixed points of the duality group given 
hy R = 1(= a'). At these fixed points the behaviour of the string is special; 
it experiences enhanced gauged symmetry due to the presence of extra massless 
states in the spectrum giving rise to an SU (2) x SU (2) current algebra. 

• In the preceeding analysis we assumed that the target spaces are exactly flat and 
that E = G + B have no coordinate dependance at all. However the heuristics 
suggest that a sufficient condition to perform a T-duality is only that there exists 
a C/(l) isometry in the target space. In [28] it was shown that when there is an 

^^Related to this is the fact that in the limit that B'{a) = the constraint (2.4.6) becomes first class 
and the dynamics are trivialised. 
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invariance generated by some vector SX^ = eK^ such that 



(2.5.1) 



then one can find adapted coordinates = {x^,9) so that K = de, all the 
background fields are invariant of 9 and the Buscher duality rules apply. Notice 
that it is the field strength that enters in these conditions, B need not be invariant 
but can instead vary to a total derivative. Although the background is not trivial 
the String Theory will be conformal provided the Weyl anomaly vanishes. If 
the String Theory is conformal the dual theory will also be conformal (at least 
to one- loop in the a' expansion). One can express the Buscher rules in a more 
covariant way in terms of the Killing vector K. 

• T-duality may produce topology change in the target space. A striking and impor- 
tant example of this phenomenon is Witten's two-dimensional black hole [92] ob- 
tained by gauging a U{1) subgroup in an SL{2,R) Wess-Zumino-Witten (WZW) 
model. The resultant metric has the form 



which has a U(l) isometry (the B- field is pure gauge). After T-duality one obtains 



These geometries have different fundamental groups (as can be easily seen from a 
visual inspection the former has tti = and the latter tti = Z). 

• In fact, the example above gives the key to Rocek and Verlinde's [28] explanation 
of T-duality in terms of Abelian currents. Both the geometries (2.5.2) and (2.5.3) 
can be obtained from gauging the SL{2, R) WZW model in two different ways. 

In general, for a WZW model on a group G there is a semi-local invariance 
g{z,z) — >■ hL{z)gh^{z) for the group elements g and h. One can promote this 
invariance to a fully local invariance for hL/ji{z,z) in some subgroup H G G hy 
introducing appropriate gauge fields which are non-propagating. The result of 
integrating out the gauge fields (and gauge fixing) is that one ends up with a 

See appendix. 



ds'^ = dr^ + tanh^ r d9^ , 



(2.5.2) 



ds^ = dr^ + cofh^ r d9^ . 



(2.5.3) 
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sigma- model whose target space is dimension dim(G) — dim(iJ). Anomalies re- 
strict the choice of subgroups that can be gauged and for a subgroup there 
are exactly two possibilities hi = hn (known as vector gauging) and Hl = —ha 
(known as axial gauging). In the SL{2,R) case an axial gauging results in the first 
geometry (2.5.2) and the vector gauging results in the second geometry (2.5.3). 
In [28, 54] it was suggested that one can always think of abelian T-duality for d 
commuting U{1) isometries as being the interchange of vector and axial gaugings 
of a parent sigma model defined in d extra dimensions. In some senses this parent 
theory with extra dimensions is prototypical of the duality invariant models we 
shall study in this thesis. 

• The interplay between T-duality and supersymmetry is somewhat subtle and has 
been investigated in [93-96] . Prom a world-sheet point of view J\f = 2 world-sheet 
supersymmetry is always manifestly preserved under T-duality. However, from a 
space time perspective, an application of the Buscher rules can apparently destroy 
or even create supersymmetry. The resolution to this puzzle is that in some cases 
one must go beyond the supergravity approximation which is lowest order in a'. 
Lost symmetries can be recovered as non-local symmetries. Similar phenomenon 
where naive T-duality needs to be corrected occurs when considering the dual of 
NS5 branes [97-99]. 



^^Complications arise with more world-sheet supersymmetry: A/" = 4 world sheet supersymmetry 
constrains the target space to be hyper-kahler and equipped with a triplet of covariantly constant 
complex structures obeying an 5(7(2) algebra, however upon performing an abelian T-duality this 
hyper-kahler structure need not always be preserved and may result in a dual model with only manifest 
J\f = 2 worldsheet supersymmetry with the remaining supersymmetry realised non-locally [95] . 
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0((i,d,Z), T-FOLDS AND THE DOUBLED 

FORMALISM 

We review the generalisation of T-duality for toroidal backgrounds and the 
associated duality group 0{d,d,Z). We introduce the concepts of T-folds 
and non-geometric backgrounds. Finally, we provide a detailed introduction 
to the T-duality invariant Doubled Formalism of String theory. 

3.1 Toroidal Compactification and 0{d,d) Duality Group 

A full understanding of toroidal compactification defined by d compact bosonic direc- 
tions X' ~ X* + 2tt and the internal metric data Eij = Gij + Bij was first given by 
Narain et al. [48, 49].^ It is straightforward to deduce, by using an ansatz for the zero 
mode of X* = cm* + (r) , that the zero mode momenta must have the following form 

{ni + Ejim^)ei, (3.1.1) 
ini + Eijm^)el (3.1.2) 

with Hi and integer valued and in which we have introduced vielbeins defined such 
that 

Gij = 4^6jj. (3.1.3) 
These momenta {pl,Pr) define a lattice F^^^ C R'^'^ , and moreover, since 

p| - p| = 2m'ni e 2Z (3.1.4) 

this lattice is said to be even. A more detailed investigation of partition functions 
shows that the lattice must also be self dual to ensure modular invariance [49]. The 

^For simplicity we ignore spectator fields in this presentation. 



PLi = PLGijel = 

Pm = PRGij4 = 
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contribution of these momenta to the Hamiltonian is given by 

These last expressions illustrate underlying moduli space structure of toroidal compact- 
ification which is [49], 

Md = 0{d, M) X 0{d, M) /0{d, d, M)\T - dualities , (3.1.6) 

where we have indicated a duality group which we will shortly identify. The dimension 
of this moduli space is in accordance with the number of parameters in Eij. The 
fact that the momentum reside in an even self dual lattice gives rise to the numerator 
in (3.1.6) and the invariancc of Hamiltonian under separate 0(d, M) rotations of and 
PR gives rise to the 0{d) x 0{d) quotient. 

0{d,d,M.) is the group which consists of real matrices M that respect an inner 
product with d positive and d negative eigenvalues given, in a conventional frame, by 



(3.1.7) 



such that 

M*LM = L. (3.1.8) 

Note that the condition that the lattice Vd,d is even is defined with respect to this inner 
product. In what follows we shall frequently make use of the 0{d, d, M) / {0{d, M) x 0{d, 
coset form of the d'^ moduli fields : 

, (G-BG-^B)i. (BG-^)/ , 

nij=\ ^ , . ' ^ .. ■ 3.1.9 

The action of an 0(d, d, M) element 

= \ " ^ I , 0*LO = L, (3.1.10) 

c d 




39 



CHAPTER 3. 0{d, d, Z), T-FOLDS AND THE DOUBLED FORMALISM 



is transparent on the coset form 

'H' = 0^'HO, (3.1.11) 

but the equivalent action on the generalised metric E = G + B is more complicated and 
is given by the fractional linear transformation 

E' = {aE + b){cE + d)-^. (3.1.12) 

For an compactification we saw that the moduli space was further acted on by 
a discrete duality group (in that case Z2). We may ask what is the duality group 
for toroidal compactification, or what subgroup of 0{d,d,M.) transformation leave the 
physics completely invariant. 

There are essentially three types of contributions, the first are large diffeomorphisms 
of the compact torus which preserve periodicities and correspond to the action of a 
GL{d,Z) basis change. We refer to such transformations as being in the geometric 
subgroup of the duality group. These correspond to 0(d, d) matrices of the form 



AGGL(d,Z), det^ = ibl. (3.1.13) 



The second transformation arises by considering constant shifts in the B field. Such 
a shift in the B field by an integer results in a shift in the action by 27rZ and produces 
no change in the path integral. For d compact directions this allows us to consider the 
shift Bij — >■ Bij + Q.ij where $7 antisymmetric with integer entries. The 0(d, d) form of 
this transformation is 

On=\ ^ ^ |, ^^^J = -^■^GZ. (3.1.14) 

The final set of dualities consist of things more akin to the radial inversion and have 
the form [58] 

OT=f '"'^ Y (3.1.15) 

y Ci l-ei J 

where {ei)jk = SijSik- All together these three transformations generate the duality 
group 0{d,d,7j) which henceforward shall be known as the T-duality group. These 
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results above were first fully established in [50, 51]. To calculate a T-dual geometry one 
simply performs the action (3.1.11) or (3.1.12) using an 0{d,d,Z) transformation. The 
generalisation of the dilaton transformation (2.2.11) for the toroidal case becomes 

= (3.1.16) 

The calculation of this shift is rather subtle involving careful regularisation of determi- 
nants and is detailed in [35, 71]. 



3.1.1 Example of 0(2, 2, Z) 

An illustrative example of this 0{d,d,Z) can be found by considering String Theory 
whose target is a T^ and this will be useful for our discussion of T-folds. The duality 
symmetry is now quite rich since the theory with a torus target space has four moduli 
encoded in the three components of Gjj and the single component of Bjj. In general 
we may write the metric of a torus as 



A 

ds^ = — \dx + rdyY 

T2 



(3.1.17) 



for coordinates {x,y) 2± (x + l,y) 2± (x, y + 1). The three metric moduli are neatly 
encoded in the volume modulus A and the complex structure modulus r. The volume 
modulus and integrated B field can be combined to form a complexified Kahler modulus 

p = Bxy + lA. 

The geometric subgroup of 0(2, 2, Z) is GL{2, Z) whose volume preserving subgroup 
SL{2, Z) acts as H' = O^UO with generators 
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(3.1.18) 



These act to transform the complex structure r by the standard modular transforma- 
tions 



T:t^t + 1 S:t^-- 



(3.1.19) 



The part of the duality group which is the generalisation of radial inversion swaps 
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Kahler and complex structure t p and is generated by transformations of the following 
type 



Or 



(3.1.20) 



/ 1 \ 
10 
10 

\ 1 y 

For the case where B = and G = diag{Rf, R2) this simply acts by inversion of the 
radius Ri — ^ l/Ri- Whereas the 5L(2,Z) identifications are geometric, this duality is 
fundamentally stringy in its nature. 

In summary, the duality group 0(2, 2, Z) can be identified with {SL{2, Z) x SL{2, Z))/Z2. 



3.2 T-folds 



The last few years have seen the discovery [39-44] of a new class of string compactifica- 
tions that are known variously as 'non-geometric backgrounds', 'T-folds', 'monodrofolds' 
and 'twisted tori'. 

An old idea in compactification theory is that of twisted reductions introduced by 
Scherk and Schwarz [100]. In this generalisation of Kaluza-Klien reduction one only 
requires fields to be periodic in the compact direction up to the action of some element 
of a global symmetry group. This twisting creates a potential, known as the Scherk- 
Schwarz potential, for the fields. Such a mechanism is useful for compactification since 
one of the difficulties in String Theory is the presence of a large number of moduli fields 
describing the geometry of the internal space which have no potential. Finding a way 
to 'stabilise' all moduli is a long standing challenge. 

In [44] it was suggested that that the 0{d, d, Z) T-duality group provides a suitable 
symmetry for performing a twisted Scherk-Schwarz compactification. The resultant 
background is known as a T-fold. A T-fold is a rather strange object since in a T-fold 
locally geometric patches are glued together using T-duality as a transition function. 
Similar backgrounds can also be obtained from T-dualising a background with H-flux 
(i.e. a background for which the field strength for the Kalb-Ramond 2-form has non 
zero values around some cycles of the compact space). 

further discrete Z2 identification correspond to world-sheet parity. 
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These idea can be well illustrated using the explicit example of a T^ which has been 
studied in some detail [39-44] . We begin with a T^ equipped with flux described by 

ds'^ = dx^ + dy^ + dz^ , Bxy = Nz,NeZ. (3.2.1) 

This background may be thought of as a T^ in the {x,y) directions fibred over an S^. 
After performing a T-duality in x direction we find a slight surprise - there is no longer 
any B-field and the resultant metric is given as 

ds^ = {dx - Nzdyf + dy^ + dz^ . (3.2.2) 

This background is still a torus fibration over the S^, however, it is non-trivial and 
topologically distinct from the starting T^ since the complex structure given by 

T = -Nz, (3.2.3) 

has a monodromy under a circulation of the base 

T^T-N. (3.2.4) 

This geometry is known as a twisted torus (also sometimes called a nillmanifold) and 
is a T-fold since the monondromy is one of the 0(2, 2,Z) transformations. However 
things are still reasonably geometric; the element of the duality group corresponding 
to the transformation (3.2.4) is contained in the geometric subgroup (3.1.19). This 
background (3.2.2) is often described as having 'geometric-flux' in analogy to the H-fiux 
of the background (3.2.1). 

Things get even more exciting upon performing a second T-duality along the y 
direction. Buscher rules give the resultant geometry as 

'^''= l + N2,2 (dx' + dy') + dz\ B,y = ^-^^. (3.2.5) 

In this case it is the Kahler modulus 

_ Nz .1 

^~ TTn^^'TTW^ 
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that has monodromy under z ^ z + 1 

iN 



N 



(3.2.7) 



In terms of 0(2, 2, Z) this transformation mixes metric and B-field and hence does not 
he in the geometric subgroup and is generated by the following 0(2, 2) matrix 



( I \ 

10 

1 

\-N Q 1/ 



(3.2.8) 



This background is locally geometric but clearly no- longer globally geometric. In the 
terminology of [41, 101] this background possesses non- geometric flux or 'Q-flux'. It 
should be pointed out at this stage that the above example is really only a toy demon- 
stration; it does not represent a complete string background satisfying the conformal 
invariance criteria of vanishing beta functionals."^ It is somewhat tricky to find an explict 
full string background with a twisted torus in its geometry. 

One may even go a step further and postulate that there should also be a notional 
third T-dual background obtained by T-dualising the corresponding to the z co- 
ordinate. However, at this point the Buscher procedure ceases to be of use since the 
background is not isometric in the z direction. Furthermore, it is expected that such a 
background may not even have a locally geometric interpretation since the description 
of physics may depend locally on both the physical coordinates and the T-dual coor- 
dinates [44]. Such backgrounds are often described as having 'R-flux' and have been 
explored in [38, 44, 102]. 

A significant amount of work has been done in understanding the construction of 
these non- geometric backgrounds and their implications for string compactifications. 
One reason that such backgrounds have seen such interest is because they allow for 
moduli stablisation [40, 66, 101]. There has been some suggestion in the literature that 
these non-geometric backgrounds may be as numerous as conventional backgrounds 
[103]. The idea of T-folds can be naturally extended to compactifications with U- 
duality twists (U-folds) [36, 37, 104] and, given the understanding of mirror symmetry 

^These beta functionals are presented in the appendix. 
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as T-duality [67], may allow mirror-folds for Calabi-Yau compactifications [105]. 

An interesting recent proposal [106] is that 'exotic branes' (obtained by dualising 
co-dimension two objects in a dimensionally reduced string or M-theory and for which 
there is no obvious higher dimensional origin) can be identified with T-folds (or more 
generally with U-folds). In [106] it is further suggested that such T-fold geometries 
might play an important role in black hole micro-state counting. 

3.3 The Doubled Formalism 

The T-fold backgrounds introduced above are examples where String Theory disregards 
familiar notions of geometry. Understanding String Theory on such backgrounds is an 
important question for two main reasons. Firstly, T-folds compactifications represent an 
interesting and novel corner of any string landscape and so should be better understood 
in their own right. The second reason is that by considering scenarios where the picture 
of a string propagating in a geometric target space no longer makes sense, we may hope 
to uncover some clues as to the deeper nature of String Theory. 

Parallel to the need to understand non-geometric string backgrounds is a long stand- 
ing desire to make T-duality a more manifest symmetry of the string sigma model. This 
idea of a duality symmetric formulation of String Theory for abclian T-duality has a 
long history with previous approaches including the formulation of Tseytlin [34, 35], 
the work of Schwarz and Maharana [29, 30] and the earlier work by Duff [27]. In this 
section we introduce the duality symmetric theory known as the Doubled Formalism 
recently championed by Hull in [36, 37] and which has its roots in the early approaches 
of [27, 29, 30] and the subsequent work of [33]. 

The Doubled Formalism [36, 37] is an alternate description of String Theory on 
target spaces that are locally T'* bundles over a base N. For a geometric background 
local patches are glued together with transition functions which include GL{n, Z) valued 
large diffeomorphisms of the fibre.^ As discussed above the T-duality group for this 
background is 0{n, n, Z) and a non-geometric background is formed by gluing together 
local patches with transition functions that take values not just in GL{n, Z) but in the 
whole duality group 0(n, n, Z). 

''a more general definition of a geometric background is one where transition functions can also 
include integer shifts in the B-field and are valued in GL{n,Z) k z"("-i)/2 o{n,n,Z). 
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The essence of the Doubled Formahsm is to consider adding an additional n coor- 
dinates so that the fibre is doubled to be a T^". The Doubled Formalism recasts the 
string sigma model for the target space which is locally a T"' bundle as a sigma model 
whose target space is the doubled torus. Because the number of coordinates have been 
doubled it is necessary to supplement the sigma model with a constraint to achieve the 
correct degree of freedom count. This constraint takes the form of a self duality (or 
chirality) constraint. The final step of the Doubled Formalism is to define a patch- wise 
splitting r^" —7- T" © T" which specifics a physical T" subspace and its dual torus T" . 

In this doubled fibration the T-duality group 0{n, n, Z) appears naturally as a sub- 
group of the GL{2n,Z) large diffeomorphisms of the doubled torus. Because of this, 
geometric and non-geometric backgrounds are given equal footing in the Doubled For- 
malism. They are distinguished only according to whether the splitting (also known as 
polarisation) can be globally extended or not. 

3.3.1 Lagrangian and Constraint 

To describe the sigma model we first introduce some local coordinates on the T^'* 
doubled torus which we denote by and coordinates on the base N denoted Y"-. The 
world-sheet of the sigma model is mapped into the doubled torus by X^{a). This allows 
us to define a world-sheet 1-form^ 

V^ = dX^. (3.3.1) 
Additionally we introduce a connection in the bundle given by the 1-form 

= AidY" , (3.3.2) 

and covariant momenta 

= dX^ + A^ . (3.3.3) 

^Following [36, 37] we will work with world-sheet forms on a Lorentzian world-sheet and will slightly 
abuse notation by not indicating the pull back to the world-sheet explicitly. 
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As before, the moduli fields on the fibre are packaged into the coset form 

, (G-BG-^B)ii (BG-^)/ , 
nijiY)= \ ^ ^ ^ ' \ , (3.3.4) 

-{G-^Bfj G'^ 

but note that they are allowed to depend on the coordinates of the base. 
The starting point for the doubled sigma model is the Lagrangian 

C = \nij{Y)V^ A - \lijV^ ^A^^ + C{Y) + Aop(X) , (3.3.5) 

where C{Y) is a standard sigma model on the base N given (in these conventions) by 

C{Y) = ^QabdY'' A *dY'> + ^habdY'' A dY^" . (3.3.6) 

The final term in (3.3.5) is a topological term which we will examine in a little more 
detail when considering the equivalence with the standard formulation of String Theory. 
Note that the kinetic term of (3.3.5) is a factor of a half down compared with the 
Lagrangian on the base (3.3.6) and that an overall factor of 27r in the normalisations of 
these Lagrangians is omitted for convenience. 

This Lagrangian is to be supplemented by the constraint 

pi = L^^Hkj * P-^ , (3.3.7) 

where L/j is the invariant 0{d,d) metric introduced in (3.1.7) which we repeat for 
convenience here 

Lij=\ . (3.3.8) 

Note that for this constraint to be consistent we must require that 

L'^'UkjL^'-Hlm = (3.3.9) 

which is indeed true for the 0{d, d) coset form of the doubled fibre metric (3.3.4). 

For the remainder of this thesis we shall make two simplifying assumptions to aid our 
presentation, first that the fibration is trivial in the sense that the connection J? can be 
set to zero. In terms of the physical T" fibration over N this assumption corresponds to 
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demanding that the ofF-diagonal components of the background with one index taking 
values in the torus and the other in the base are set to zero (i.e. Eai = Eia = 0). The 
second is that we shall assume that on the base the 2-form bab vanishes. With these 
assumptions the Lagrangian is simply 

£ = ^HijiY)dX^ A *dX-^ + £{Y) + Aop(X) , (3.3.10) 

and the constraint is 

dX^ = L^^UjK * dX^ ■ (3.3.11) 

To understand this constraint it is helpful to introduce a vielbein to allow a change to 
a chiral frame (denoted by over-bars on indices) where: 









r 1 \ 


: 












I -1 j 



-HABiy) " -1 j ■ ^^'^'^^^ 

In this frame the constraint (3.3.11) is a chirality constraint ensuring that half the X"^ 
are chiral Bosons and half are anti-chiral Bosons. Such a frame can be reached by 
introducing a vielbein for the fibre metric Hij given by (3.3.4) 

nij = V/6jjVf . (3.3.13) 

with 

= f ° h (3.3.14) 



1 



and Gij = e,*e/(5j'.. This allows the definition of an intermediate frame in which 



hj= \ ° M , nn=l ^ ° I (3.3.15) 



Supplementing this with a basis transformation defined by 



Oi = ^ I J _\ 1 (3.3.16) 
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brings H and L into the required form. In this chiral basis the one- forms = {P\Qi) 
obey simple chirahty constraints 

P| = 0, Qj_=0 

3.3.2 Action of 0{n,n,Z) and Polarisation 

The Lagrangian (3.3.10) has a global symmetry of GL(2n,M) acting as 

n' = 0^nO, X' = 0-^X, OeGL{2n,W). (3.3.18) 

However, to preserve the periodicity of the coordinates X this symmetry is broken down 
to the discrete subgroup GL{2n, Z). Under these transformations the constraint (3.3.11) 
becomes 

0-^d%} = L-^O^n*dX. (3.3.19) 

Hence, to preserve the constraint we require that 

0*L0 = L (3.3.20) 

and therefore that the global symmetry is reduced to 0(n, n, Z) C GL(2n,M). It is now 
clear that the T-duality group has been promoted to the role of a manifest symmetry. 

To complete the description of the Doubled Formalism one needs to specify the 
physical subspace which defines a splitting of the coordinates = (X*,Xj). Formally 
this is done by introducing projectors H and H such that = n*jX^ and Xi = ITi/X^ . 
These projectors are required to pick out subspaces that are maximally isotropic in the 
sense that nL~^n* = 0. These projectors are sometimes combined into a 'polarisation 
vielbein' given by = (H, II). 

This is a somewhat formal way of saying that we are picking out a preferred basis 
choice for the sigma model but has use when describing T-duality. Indeed, the formulas 
for the coset matrix T-Lu and the invariant metric Ljj given by (3.3.4) and (3.3.8) should 
be understood to be in the basis defined by this splitting. The components of T-L are 
given by acting with projectors so that for example 

Qij ^ u'^u^-^Hij , (3.3.21) 



(3.3.17) 
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in which we have raised the indices on the projectors with the invariant metric L^'^ . 

There arc now two ways to view T-duality. The first is known as active whereby the 
polarisation is fixed but the geometry transforms according to the usual transformation 
law 

n' = O^nO . (3.3.22) 

The second approach is to consider the geometry as fixed but that the polarisation 
vielbein changes according to 

e' = eO . (3.3.23) 
In this view T-duality amounts to picking a different choice of polarisation. 

3.3.3 Recovering the standard sigma model 

We now indicate two approaches to recover the standard sigma model from the doubled 
Lagrangian. The first approach is to solve the constraint and show that the equations of 
motion subject to the constraint are equivalent to those arising from the standard string 
sigma model. The second approach is more sophisticated and works by recognising the 
constraint can be interpreted in terms of the vanishing of a current. If this current can 
be successfully gauged, a judicial choice of gauge fixing invokes the constraint. 

• Solving the constraint 

The equations of motion arising from the doubled Lagrangian (3.3.10) are, for the fibre 
coordinates, 

= Uijd'^X^ + danijdaY''d''X-^ , (3.3.24) 
and for the base coordinates 

= ^dcHudaX^d'^X'^ - gac (d^Y^ + T^^daY'^d'^Y^'^ , (3.3.25) 

where F^^ is the Christoffel symbol constructed from the base metric. 

The way to proceed is to notice that, after choosing a polarisation, the constraint 
can be written as 

d'^Xj = Gjke'^^dpX^ + Bj^d^'X^ , (3.3.26) 
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and that this can be used at the level of equations of motion to replace all occurrences 
of the dual coordinates Xi with the physical coordinates X*. After expanding out in 
the {X, X) basis one finds that the equation of motion (3.3.24) can be written as 

= gijd^X^ + dagijd^Y''d''X^ + dahje'^^daVd^X^ (3.3.27) 

and (3.3.25) as 

= ^daQijdo^X'd'^X^ + ^dabije'^f^daX^X^ - gac (o^Y'' + r^aedaY'^d'"Y'') ■ (3-3.28) 

The latter two equations correspond to the equations of motion obtained from the 
standard sigma model of the form 

£ = ^gij{Y)dX' A *dX^ + ^bij{Y)dX' A dX^ + ^gabiY)dY'' A dY^ . (3.3.29) 

This demonstrates that the doubled sigma model together with the constraint is equiv- 
alent, at the classical level of equations of motion, to the standard string sigma model. 

• Gauging the Current 

To go further one would like to establish the equivalence of the two sigma models 
at the quantum level. The principal difficulty with this approach is that the constraint 
needs to be implemented in a consistent way. In terms of the Dirac constraint classi- 
fication the chirality constraint is second class and may not be implemented by means 
of a simple Lagrange multiplier method.^ However an approach to this is given in [37] 
whereby one notices that the conserved current associated to shift symmetries in the 
fibre together with the trivial Bianchi identity for fibre momenta can be used write down 
a conserved current 

Ji = nijdX'^ - Lij*dX-^ . (3.3.30) 

The constraint equation (3.3.11) is equivalent to demanding that the polarisation pro- 
jected component J' = 0. The symmetry giving rise to this current can be consistently 
gauged by introducing a world-sheet gauge field however to ensure that the action is 
completely gauge invariant (including large gauge transformations) it was found in [37] 

®See appendix for more details concerning chiral bosons and treating the chirality constraint. 
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that a topological term 

Ctop = \dXi A dX' , (3.3.31) 

must also be included to supplement the minimal coupling. As well as ensuring gauge 
invariance this topological term also ensures that the winding contributions from the 
dual coordinate X can be gauged away. This gauged theory can be seen to be equivalent 
to the standard sigma model (3.3.29) and upon fixing a gauge equivalent to the Doubled 
Formalism. 

3.3.4 Geometric vs. Non-Geometric 

To discuss the difference between geometric and non-geometric backgrounds one must 
examine topological issues and in particular the nature of the transition functions be- 
tween patches of the base. For two patches of the base Ui and U2, on the overlap Ui fl U2 
the coordinates are related by a transition function 

Xi= 521X2, g2ieO{n,n,Z). (3.3.32) 

In the active view point, where polarisation Q is fixed but the geometry is transformed, 
the condition for this patching to be geometric is that the physical coordinates, obtained 
from projecting with the polarisation, are glued only to physical coordinates. More 
formally we have 

eXi = (Xi,Xi) , 9X2 = {X2,X2) , (3.3.33) 

and therefore 

9X2 = 9512X1 = 95129-^9X1 = 5i29Xi . (3.3.34) 
Then the physical coordinates are glued according to 

= iguYjXi + {gufXij . (3.3.35) 

Thus, for the physical coordinates to be glued only to physical coordinates, all transition 
functions must be of the form 

idYj = f °, I (3.3.36) 

V 9ij 9i J 
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which are the 0{n,n,Z) elements formed by the semi direct product of Gl{n,Z) large 
diffeomorphism of the physical torus and integer shifts in the B-field. Otherwise the 
background is said to be non-geometric 7 

3.3.5 Extensions to the Doubled Formalism 

We now outline a few advances and extensions to the above formalism. 
Dilaton 

Alongside the metric and B-field a background in String Theory is equipped with a 
scalar field, the dilaton. One is forced to ask how should this scalar field be included 
in the Doubled Formalism. A first guess is to include a scalar field which replicates the 
same coupling as for the standard string namely 

Sdii = ^J d^aVh^Y)R(-^^ (3.3.37) 

where i?^^) is the scalar curvature of the world-sheet and, in keeping with the ansatz 
for metric and B-field, the scalar only depends on the base coordinates. This 'doubled 
dilaton' is duality invariant under 0(n, n, Z) and related to the standard dilaton field (f) 

by [37] 

$ = ^ In detG (3.3.38) 

so that from 

= - 1 In det G' = (/) - ^ In det G (3.3.39) 
we recover the dilaton transformation rule (3.1.16). 

Branes 

In the original work of Hull [36] , the extension of the Doubled Formalism to open strings 
and their D-branes interpretation was suggested. Since T-duality swaps boundary con- 
ditions, of the X coordinates exactly half should obey Neumann boundary conditions 
and half Dirichlet. This splitting is, in general, different from the splitting induced by 

'^One can tighten the definition of geometric to exclude the B-field shifts. This restriction is equivalent 
to demanding that the non-physical T-dual coordinates also only get glued amongst themselves. 
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polarisation choice. If, for a given polarisation, exactly N of the physical coordinates 
obey Neumann conditions then there is a Brane wrapping N of the compact dimen- 
sions. The dimensionality of the brane then changes according to the usual T-duality 
rules under a change in polarisation. The projectors that specify Neumann and Dirich- 
let conditions are required to obey some consistency conditions detailed in [107, 108]. 
Further related work on the role of D-branes in non-geometric backgrounds can be found 
in [109]. 

Supersymmetry 

A world-sheet M = 1 supersymmetric extension of the formalism has been consid- 
ered in [37, 110]. To achieve this one simply promotes coordinates into superfields 

and world-sheet derivatives into super-covariant derivatives. The constraint (3.3.11) 
then is generalised to a supersymmetric version which includes a chirality constraint on 
fermions. 

Quantum Effects 

Some progress has been made on understanding the quantum aspects of the Doubled 
Formalism. In [37] it was explained how to implement the constraint at the quantum 
level through gauging. In [110] a canonical quantisation was performed, with Dirac 
brackets used to invoke the (second class) constraint. In [111] the 1-loop partition 
function of the doubled string was calculated and shown to be equivalent to the standard 
string after a holomorphic factorisation. This was generalised to the supersymmetric 
partition function in [112]. An interesting direction of research has been to take some 
of the ideas of the Doubled Formalism and to apply them to the realm of String Field 
Theory [113-115]. 

Doubled Twisted Torus 

For the example of section (3.2) with a non-geometric T^ over a base it has been 
suggested [44] that a further duality around the base may be possible even though 
isometry is not present. This situation has been considered from the context of a 
generalised Doubled Formalism in which the base is also doubled. In this case 
that doubled space is no longer a doubled torus but has a more general description 
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as the quotient of a group manifold by a discrete subgroup and is known as a doubled 
twisted torus. In general this means considering a doubled fibre metric that has internal 
coordinate dependance. The doubled sigma model description of this has been studied 
in [65, 116, 117]. Essentially, the momenta entering into the action are replaced with 
the Maurer-Cartan left-invariant one-forms on the group and a supplementary term is 
included into the action which is a Wess-Zumino term given by the pull back of the 
canonical three form on the group. There is some similarity between such sigma-models 
and Poisson-Lie T-duality invariant sigma-models [32, 64] that we will consider in later 
chapters. 
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CHAPTER 4 

QUANTUM ASPECTS OF DOUBLED 
STRING THEORY 



In this chapter we examine the Doubled Formalism at the quantum level. 
We calculate the beta-functionals of the string in the Doubled Formalism so 
as to determine the background-field equations for the doubled space. We 
relate these to the equations that arise for the standard, non-doubled, string. 
The results presented in this chapter have appeared in the author's previous 
publications [1, 2]. 

4.1 Overview 

The duality invariant formalism described in the preceding chapter successfully pro- 
motes T-duality to a manifest symmetry of the string sigma model action. Whilst it is 
straightforward to demonstrate the classical equivalence of this formalism to the usual 
sigma model, showing quantum equivalence is less trivial. In addition to the arguments 
presented in [37], progress in this direction has been made by showing the equivalence 
of the partition function for both the bosonic and supersymmetric extension of the 
Doubled Formalism [111, 112] and in [110] the canonical quantisation of the Doubled 
Formalism was investigated. 

In this chapter we ask: what are the beta functionals for the couplings in the Doubled 
Formalism? Demanding that the conformal invariance of String Theory holds at the 
quantum level requires the vanishing of such beta functionals. This, in turn, restricts 
the classes of backgrounds on which the string can propagate to those that (to first 
order in a') obey equations [118] analogous to Einstein's equations.^ 

^See appendix. 
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This study was prompted by various questions. The most important was to de- 
termine if the background-field equations arising from the one-loop beta-functional for 
the Doubled Formalism were the same as those for the usual string. A priori, this did 
not have to be the case. In fact, one may imagine that they will be different since 
the doubled formalism naturally incorporates the string winding modes which could in 
principle correct the usual beta-function. We know that worldsheet instantons correct 
T-duality [98, 99] and since the doubled space contains the naive T-dual one may think 
of all sorts of possibilities that could arise for corrections to the doubled geometry. 

The outline of this chapter is as follows: we begin by studying the constraint that 
supplements the doubled action and describe how the PST procedure [119-121] can 
be used to implement the constraint in a Lorentz covariant manner. We then show 
how gauge fixing the residual PST symmetry produces an action that closely resembles 
the duality invariant formalism of Tseytlin [34, 35]. This is followed by a calculation 
of the beta functional by means of a background field expansion. We relate these 
to the analogous equations of the standard string and conclude by providing a direct 
linkage between the beta functions and the field equations obtained from a toroidally 
compactified gravity theory. 

4.2 Implementing the Constraint 

We recall that the doubled string has an action 



where C{Y) is the standard Lagrangian for a string on the base and HiY) is a metric 
on the fibre. The topological term plays no role in the rest of this chapter and can be 
safely ignored for the moment. This action is supplemented by a constraint 



which is essentially a chirality constraint on the bosons. 

To understand this constraint more clearly we consider the simplest example, the 
one-dimensional target space of a circle, with constant radius R. The doubled action 




(4.2.1) 



(4.2.2) 
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on the fibre is 

Sa = ^R^ J dXA *dX + ^R-^ J dX A *dX. (4.2.3) 
We first change to a basis in which the fields are chiral by defining: 

X+ = RX + R-^X, d-X+ = 0, (4.2.4) 

X-=RX- R-^X, d+X- = . (4.2.5) 

Note that because the radius is constant in this case the chirahty constraint is simple. 
In this basis the action becomes 



Sd 



= ^JdX+A *dX+ + ^JdX-A *dX- . (4.2.6) 



One may then incorporate the constraints into the action using the method of Pasti, 
Sorokin and Tonin [119-121]. We define one-forms 



*dX+, Q = dX_ + *dX_, (4.2.7) 



which vanish on the constraint. These allow us to incorporate the constraint into the 
action via the introduction of two auxiliary closed one-forms u and v as follows: 

spsT = ^ y dx+ A *dx+ + ^ y dx_ A *dx_ -II (^^'^f^ + ^^"^r^' ) • 

(4.2.8) 

As explained in the appendix, the PST action works by essentially introducing a 
new gauge symmetry, the PST symmetry, that allows the gauging away of fields that 
do not obey the chiral constraints. Thus only the fields obeying the chiral constraints 
are physical. 

There are now two ways to proceed. One may either gauge fix the PST-style action 
immediately which will break manifest Lorentz invariance or try to quantise whilst 
maintaining covariance and introduce ghosts to deal with the PST gauge symmetry. 
In this paper we choose the non-covariant option and immediately gauge fix to give a 
Floreanini-Jackiw [122] style action. Picking the auxiliary PST fields {u and v) to be 
time-like produces two copies of the FJ action (one chiral and one anti-chiral) 

S=^J d'^a{diX+d^X+ - diX^d+X^). (4.2.9) 
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If we re-expand this in the non-chiral basis we find an action 



S=- I d'a 



-{RdiXf - {R-^diXf + d^xdiX + diXdoX 



(4.2.10) 



which may be recognised as Tseytlin's duahty symmetric formulation [34, 35]. Notice 
that the unusual normalisation of (4.2.1) was exactly what was needed for this form of 
the action to have the correct normalisation. The constraints 



OqX = R^diX , doX = R-^diX , 



(4.2.11) 



then follow after integrating the equations of motion and the string wave equation for 
the physical coordinate X is implied by combining the constraint equations.^ 

Returning to the general case, the PST procedure yields an action 



S=^Jd^a [-MapdiX'^diX^ + jO^pdiX'^doX^ + KapdoX'^doX^j , (4.2.12) 



where X"" = (X^,y") = {X^Xj,^) and^ 



M = 



n 
g 



C = 



L 





9 



(4.2.13) 



For the fibre coordinates we have the equation of motion 



di (ndiX) = LdidoX, (4.2.14) 

which integrates to give the constraint (4.2.2). This form of the action will be our 
starting point for calculating the beta-functional of the theory. 



4.3 The Background Field Expansion 



To perturbatively study ultra-violet divergences in the doubled formalism we expand 
quantum fluctuations around a classical background. By writing the fields X" as the 

^We fix the arbitrary function of t introduced by integration by observing that (4.2.10) has SX = /(r) 
gauge invariance as shown in the appendix. 

^In our notation we reserve the Greek characters /i and u to denote worldsheet indices. 
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sum of a classical piece and a quantum fluctuation tt" we may define the effective 
action 



In what follows we shall calculate the 1-loop contribution to this effective action. 

We make a choice of coordinates that leaves the general coordinate invariance of 
the action manifest in the perturbative expansion [123, 124]. Instead of expanding in 
tt", which would not be covariant, one expands in the tangent vector to the geodesic 
between and + tt". The vector is understood to be evaluated at and 
has length equal to that of the geodesic. Since it is a covariant object an expansion 
in terms of will result in expansion coefficients which are tensorial. More details of 
this procedure can be found in the appendix. To evaluate the one-loop contribution 
to the action it is sufficient to expand upto quadratic order in fluctuations. The linear 
term S^^^ provides no contributions since it is, in general, proportional to the equations 
of motions which we assume the classical background obeys. The quadratic term S^"^^ 

(2) 

provides the kinetic term for fluctuations as well as certain interactions S^^^. In taking 
the exponential above there are one-loop contributions that arise from the connected 
diagrams formed by considering 



Note that in this procedure one must specify the background metric with which to 
perform such an expansion. Normally, the appropriate target space metric is completely 
obvious from the form of the sigma model. In the case of the Doubled Formalism there 
is some ambiguity; whilst the metric on the base is clearly defined as gab there is a 
choice as to whether we consider the metric on the fibre to be Ljj or Tiij. From the 
form action (4.2.12) it certainly seems most sensible to consider the metric of the total 
target space to be given by Aiai3- A different choice may be possible, and one should 
remember that this is a calculative tool that should not alter the end result. 

We will use the algorithmic method of calculating the background-field expansion 
developed in [125]. To obtain the nth order background-field expanded action we simply 
act on the Lagrangian with the operator 




(4.3.1) 



'l-loop eff — {Sint) + r,{^int^int) ■ 



(4.3.2) 




(4.3.3) 
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n times and divide by n! {D^ is the covariant functional derivative with respect to 
X°'{a)). The action of this operator can be summarised as 



cfae{^)Dld,xP{a^) 

I Sae{^)DlD,e{^) 
I d^aC^a)D-T^,^,„.^^{X{a')) 



= 0, 


(4.3.4) 




(4.3.5) 




(4.3.6) 


= D0Ta,a,...aJ^{^'), 


(4.3.7) 



where R^^g is the target space Riemann tensor and Taia2-an is a rank n tensor and 
these are understood to be evaluated at the classical value Xd- The form of (4.3.7) is 
particularly relevant, leading to simplification when dealing with the metric. 

Expanding the first term in (4.2.12) is exactly the same as the standard sigma model 
calculation (albeit without worldsheet covariance), at first order we have^ 

-MapdiX'^Dif , (4.3.8) 

and at second order 

-I (Ma^D.^'^D.^P + R^^^sC^^diX-^diX') , (4.3.9) 

where R^a/ss is the Riemann tensor constructed from the metric Ai. The expansion of 
the C term in the action is more complex giving 

^ (Ca^doX'^Di^f' + C^fiDoCdiXf' + D^C^^edoX^diX^) (4.3.10) 

at first order and 

+D^£afiC {doX'^Dif + Do^diX^)"^ (4.3.11) 

at second-order. The /C term in (4.2.12) may be expanded in a similar way. 

''From now on X refers to the classical field Xd. 
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The first-order terms in ^ vanish as they should (using the equations of motion of 
Xci) leaving the second-order Lagrangian which is given by 

2/:(2) = -Ma^D.eDi^^ + Co^pDoeDii^ + ICapDoeDof 

+ ]^D^DpC.,sei^doX^diX' + ^ {C^,R\p^ + Cs,R''^p^) Ci^doX^'diX^ 

+ ^DaDplC^se^^doX'^doX^ + IC^^R'^^^se^f^doX^doX^ ■ (4-3.12) 
4.4 Simplification Strategy 

The effective action above appears rather complex and it would certainly be intimidating 
to calculate the correct Wick contraction in this form. However we have the opportunity 
to simplify the effective action by using the equations of motion of X° (recall X" is the 
classical field configuration which we are expanding around and so obeys its equation 
of motion). This equation of motion is 

DiiMc^l^diX^) = Ca/^didoX^ + DoilCa/^doX^) , (4.4.1) 

where Dq is a pulled back covariant derivative constructed only from the base metric 
9ab {DqK. = and T will similarly refer to the connection constructed from gab)- This 
equation is required to show vanishing of the first-order term in the expansion and we 
now use it to remove all £, terms (except the £, fluctuation 'kinetic' term) from the 
action. Therefore we find, after performing some integration by parts, that we may use 
the following substitution: 

= ^Ci3sd^r\j^CidiX^doX'' + dox^dix^) 

-2Mspr%^CdiediX^ - d^{Ms(sr\^)CediXf'diX'' 
+21C5f)T\j^doedoX^ + d,{ICspT\^C)edoX^doX'' 

+r^^arr [Ms^ri^diX-diX- - ICs^t^.^doX'^doX-^ . (4.4.2) 
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This leads to a dramatically simplified Lagrangian given by 




+2dag^^Cdo^^doX^ + ^dadf^lC^se^^doX^doX^ . (4.4.3) 



Note that we have chosen to proceed by expanding covariant derivatives and simplifying 
using the equations of motion, rather than leaving things expressed in terms of covariant 
derivatives. This is the somewhat unfortunate price that we have had to pay for having 
a manageable action.^ 

To proceed with the Wick contractions one needs to extract the kinetic term for the 
propagators. In (4.4.3) this is not immediately obvious due to the coordinate depen- 
dance contained in the matrices Mai3{y)- One must introduce vielbeins and work in 
the chiral frame (which we indicate by placing over-bars on indices) where we know how 
to find the fluctuation propagators. 

Once vielbeins are introduced there are, of course, terms with derivatives acting on 
the vielbeins. Normally such terms are accounted for by exchanging the usual connec- 
tion for the spin connection. The pull back of the spin connection to the worldsheet 
transforms as a gauge field. There is then a general argument that this gauge field, 
which is minimally coupled, cannot contribute to the Weyl anomaly. We have a modi- 
fied action where the gauge connection is no longer minimally coupled and there is no 
such argument (indeed we find contributions from the 'gauge' terms). 

The effect of introducing vielbeins is to replace all fluctuations in the second- 
order action (4.4.3) by their chiral frame counter parts = V"^^" and to add on the 
following terms created by pulling vielbeins through derivatives: 



^We remark that(4.4.3) could perhaps have been obtained more directly by considering a different 
metric on the total space. 




■a 



(AAA) 
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4.5 Wick Contraction 

In this chiral frame, C and H are diagonal and one can calculate the propagators for the 
fluctuations from the 'kinetic terms' in the Lagrangian. On the fibre these 'kinetic terms' 
are Floreanini-Jackiw style Lagrangians of the form (4.2.9) for n chiral and n anti-chiral 
Bosons in flat space. The propagators for such chiral Lagrangians have previously been 
considered by Tseytlin [34, 35]. In the appendix we provide full details and simply 
quote the result here. The sum of a chiral and anti-chiral propagator is proportional to 
a standard Boson propagator Aq. The difference of chiral and anti-chiral propagators 
gives a phase 9. The general result for our action is that for the coordinates on the fibre 

(e^(^)C^('T')) = Ao(a - a')n^^ + e{a - a')L^^. (4.5.1) 

Aq results in UV divergences as we take a — a' 0. Such divergence need reg- 
ularisation and rcnormalisation. In dimensional regularisation we find a simple pole 
Ao(0) ~ K The coefficients of Ao(0) will thus contribute to the Weyl anomaly and in 
turn, to the beta-functionals. 

As cr — cr' —> the quantity 6 remains finite and does not lead to any UV divergence 
or contributions to the Weyl anomaly. Instead, depends on the direction with which 
a approaches a'. It has been suggested [34, 35] that since this represents a breakdown 
of Lorentz invariance we may think of 9 as parameterising a Lorentz anomaly.^ It 
seems natural to demand such an anomaly vanishes by setting = 0. In principal, 

this might place additional constraints on the background fields beyond that of the 
beta-functionals vanishing. However, after performing all Wick contractions we find 
that when the dust settles all occurrences of 9 in the effective action cancel out leaving 
no Lorentz anomaly. This seems like an important indicator of the consistency of the 
formalism, perhaps it is as expected since we have an equal number of Bosons of each 
chirality. In what follows we shall therefore, to avoid needless duplication, we shall only 
detail the steps required to calculate the contributions to the Weyl anomaly. 

^The use of the term anomaly is, perhaps, sHghtly abusive; the classical Lorentz invariance of the 
action is not at all obvious from (4.2.12). However, we understand the lack of manifest Lorentz invariance 
as being a gauge fixing artefact and in this respect the situation is somewhat similar to working with 
electromagnetism in say axial gauge. Also we shall see in the next chapter that, as is the case for chiral 
bosons in the FJ formalism [122, 126], there exist modified Lorentz transformations that leave the action 
invariant and there is also a notion of 'on-shell' Lorentz invariance. 
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Given (4.5.1) we can deduce the form of more complicated Wick contractions which 
are quartic in ^ and contain derivatives of fluctuations. These contractions are relevant 

(2) (2) 

to the evaluation of (S'|„j5)^^) term in the exponential of the effective action and must 
be included since we need to count all logarithmic divergences. We again relegate the 
calculation details to the appendix, and here present the required results: 

iCdi^^if^^) = ^Ao (X7W - >C>C)("^^"^^^ (4.5.2) 
iediC^doe^^) = -^Ao {MC + CM)^^^ -9CC'^^\ (4.5.3) 
iedo^^dof^^) = -^Ao{MM + SCC)^'^^ -e{CM+MC)^'^\ (4.5.4) 

where represents M^'^M^^ - M"^M^^ and (-H-) understood in the 

same way.^ 

We now evaluate all the contributions to the one-loop effective action. First we look 

(2) 

at the single contraction terms that arise from calculating (S^-^^) and then we consider 
the double contractions needed to calculate (5'i„j5')„t)- 

(2) 

4.5.1 Single contraction terms for (S^^^) 

It is helpful to organise our calculations by distinguishing three sorts of contributions: 
'base terms' which contain only the base metric g and its derivatives; 'fibre terms' 
involving only the fibre metric and its derivatives; and 'vielbein terms' which come from 
(4.4.4) and contain derivatives of the vielbein prior to any integrations by parts. 

The terms with a single {^() contraction are 

Idadhggd (ee') d^YSd^'Y'i = ^d'^daggdd^^Y'^df'Y^Ao (4.5.5) 

from the base, 

-^dadb'HGDdiX'^diX'' (r^') = -^9„9"^GD5iX^'aiX^Ao (4.5.6) 

''We will simplify notation by using {^"^di^^ ^'^ do^^) = i J d'a' {^{a)'^di^ia)^ ^{a'f do^{a')^) since 
such terms always appear in the expansion of the exponential of the effective action in this form. 
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on the fibre and 



--HABdiV^sdiV^i^^^^) = (-diV\diV\ + ^diHABdiH^^^ Aq, (4.5.7) 

LABdiV^'sdoV^iC^C^) = (5iV>oV^55^%^) Ao, (4.5.8) 

-2da'HBGdiX''diV%{e^^) = 0, (4.5.9) 

9abd''V\d^V%{ee) = (5'^V",5^V"„ - ^S'^ff^b^^^"') Ao, (4.5.10) 

2d-ag,gd^Y<^d^V%{e^') = (-25„5,badVV''V/) Ao, (4.5.11) 

from the vielbeins. 

(2) (2) 

4.5.2 Double contraction terms for ('S'|„t>S'j„t) 

These occur when expanding the exponential of the effective action to second order. 
Although there seem a myriad of possible terms that could contribute, especially from 
vielbein terms, many vanish trivially. This is because the block diagonal form of the 
metrics and vielbeins ensure the terms mainly separate into base and fibre terms, with 
a few 'cross-terms'. We use the propagator contraction (4.5.2, 4.5.3, 4.5.4) and note 
that these terms are a factor of a half down due to the exponential, and a further factor 
of a half down due to the two sitting on the left-hand side of (4.4.3). 

On the base we get 



-d-agg-,d''Yadmed,,Yd{edieedie] 

= -\ {daggbg^'d'^gcd - d'^ghgd'gad) d''Y<^ d/.Y" Ao , (4.5.12) 



and on the fibre 



1 



Ga_u _fi.'wD I to/5. t^^Q^^E 

BC p,anj „ _ a a D 



= -daHGB'H"^d''ncDd{Kyd{K''Ao. (4.5.13) 
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Purely from the vielbein piece of the Lagrangian (4.4.4) we have 
nABdiK'^CDdiK{^^9ie^^d^^^) = 0, 

M=0,1 ^ ^ 

(4.5.14) 

with one cross-term 

= (^-2daggbddV\d^%'' + daggbdag'") d'^Yadf^Y^Ao . (4.5.15) 
4.5.3 The Weyl Divergence 

The total Weyl divergence will be given by the coefficient of Aq obtained by summing 
all contributions from (4.5.5) to (4.5.15). We will express this total sum as 

Sweyi = \j d'^'y [-W^GD^iX^SiX^ + Wg^d^Y^^ ^^'Y'^] Ao . (4.5.16) 

On the base the divergence Wg^ is given by 

Wgd = ld^daggd-ldggabddg''^-^daggbg^^d^gcd 
+\d"'gbgd''gad + daggbddg'"' 

-IdgnABOdn^"". (4.5.17) 
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The divergence on the fibre is 

Wgd = ^d^nGD - \ {{daH)H-Hd^H))Q^ . (4.5.18) 
The divergence on the base, (4.5.17), can be rewritten as 

-\dgnABddH^'' , (4.5.19) 

where we recognise the first two terms as part of the Ricci tensor. We now, using the 
base components of the equation of motion for the fields, add zero to the divergence in 
the form 

^'abf" (^M [gtdd^Y") - \dt'HGDd{K''d{K''^ . (4.5.20) 

The base divergence becomes 

Wgd = -Rgd-\dgnABddn^'', (4.5.21) 

where Rgd is the Ricci tensor constructed from the base metric g alone. The fibre 
components of the divergence become 

Wgd = ^O'^Hgd - ^ {{dan)n-\d'"H)) - ^T\^g^%HGD • (4.5.22) 
4.5.4 Relation to the Doubled Ricci tensor 

If we calculate the Ricci tensor of the doubled space Tla/3 (the Ricci tensor of M)^ for 
comparison, and drop terms proportional to H^^dd'HAB = 0,^ it also has block diagonal 

*The Ricci tensor is given as 7^„^ = djTlp - a^r;^^ + T^^r^;^ - T^^F^^ . 

^This identity only holds due to the 0{d, d)/0(d) x 0{d) coset form of T-Lu as can be readily verified 
by brute-force expansion. 
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form with 

noD = -ld''nGD + l{idan)n-\d''H))Qj, + ^T\,g''%nGD, (4.5.23) 

= Rab + ltvidgndd-H-^), (4.5.24) 

for the fibre and base parts respectively. We see that the Weyl divergence is almost equal 
to minus the Ricci tensor except that the term on the base containing the doubled metric 

H have an extra factor of 1/2. One might try and combine Wjj and Wab into a tensor 
over the complete doubled bundle: 

W^^ = I ° I . (4.5.25) 



Then we may express 



with 



Wab 



Wap = -Uap - Sa0 , (4.5.26) 



^ _ (4 5 27) 

'^^ ' -\ii{daHdb'H-^) 

At this stage it is very unclear how Sap can be given a geometric interpretation in terms 
of the curvatures of Ala/3- As we shall sec shortly, perhaps this is not the best way to 
think of things. It seems more natural to interpret the above divergences in a geometric 
way in terms of the metric on the base only. 

We note also that the fibre divergence is contracted with d{KdiX, whereas if we 
considered an ordinary sigma model with metric M. the fibre piece would be contracted 
with d^^Xd/jX. However, we can use the fibre equations of motion to make Wqd contract 
d'^Xd^X at the expense of introducing a factor of 1/2. Then, comparing W with R, all 
terms containing the doubled metric H would be a factor of 1/2 down. We will see that 
writing the doubled metric in terms of the standard sigma model fields h and b takes 
care of these extra factors. 



4.6 Doubled Renormalisation 

One may now proceed directly to regularise and renormalisc the divergences coming 
from Aq. In the standard way one would dimensionally regularise and introduce a mass 



69 



CHAPTER 4. QUANTUM ASPECTS OF DOUBLED STRING THEORY 



scale /X through, say, minimal subtraction and the introduction of counter terms. We 
then absorb all scale dependence to define the renormalised couplings 

{M,}C,jr} ^ {A^«(/i),/C^(/i),/:^(/i)} (4.6.1) 

producing the renormalised action 

S'' = \j d^cT [-M''i,i)apdiX"diX^ + jr''{p,)^^diX"doXf' + IC''{fi)^pdoX"doX^' . 

(4.6.2) 

We can calculate the beta-functions from this by differentiating the renormalised cou- 
plings with respect to the log of the mass scale giving 

/3[>ta/3] = - I ^^"^ ° |, /3M = -|° ° |, /3M = 0. (4.6.3) 

\ Wab J \0 Wab J 

Demanding the vanishing of these beta-functions gives the background field equations. 
4.7 Comparison with Standeird Sigma Model 

Instead of working directly with these doubled beta-functions we shall make a compar- 
ison to the standard sigma model by expanding out the Weyl divergence (4.5.16) in 
terms of the non-doubled metric and B-field. We will then use the classical equations 
of motion to eliminate the extra T-dual coordinates from (4.5.16). The result of this 
process is then compared against the corresponding Weyl divergence for the standard 
string. We will find that the divergences match. 

To aid calculation it is helpful to temporarily simplify matters by assuming a trivial 
base metric gab = Sab- Expanding the Weyl divergence W^is using 

( h- bh-^b bh-^ \ 
nij=[ ^ 1 , 4.7.1 

\^ -h-^b h-^ J 

we obtain on the fibre 

l( (r + bh-^rh-^b-bh-\s- sh-^b).. (sh~^ - bh'^rh-'^) J , 
Wab = 7:\ ^ , >^3 y •• * , (4.7.2) 
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and on the base 

Wab=ltab, (4.7.3) 

where we have defined 

nj = [d'^h- dahh-^d^h- dahh-^d%).. , (4.7.4) 
= {d%-dahh-^d''h-dahh-^d%).. , (4.7.5) 
tab = tr {h-^dahh-'^dbh - h'^ dahh-^ d^b) . (4.7.6) 

Since the classical fields, = = (x\X^, must obey as a consequence of their 
equations of motion 

dX^ = L^^Ubc * dX^, (4.7.7) 
we may eliminate the dual coordinates Xi from the Weyl divergence (4.5.16) using 

diXi = hijdoX^ + bijdiXK (4.7.8) 

We can observe that the right hand side of the above has a sensible interpretation in 
terms of the standard sigma model; it is proportional to the canonical momentum. On 
using the constraint we find that 

WABdiX^diX^ = ^njd^X'd'^X^ - ^e'^^Sijd^X'd.X^. (4.7.9) 

Thus, we find that prior to renormalisation, the Weyl divergence (4.5.16) is given by 



Ao. (4.7.10) 



Demanding that this divergence vanishes constrains the background fields to obey r = 
s = t = 0. 

We now wish to compare this result to the standard sigma model in conformal gauge 
S=^J(fa [Gijd^X'd'^X^ - e'^'Bijd^X'd.X^] , (4.7.11) 
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with = (X*, y") and metric and B-field given by 

6ab \ ' 



10 



The beta-functionals for this sigma model are [118] 

l3[Gij] = Rij-^H^'^iHmkj, (4.7.13) 

= -^D^^Hkij, (4.7.14) 

where Hjjk = djBjx + djBxi + dxBjj. On substitution of our ansatz for B and G 
we find that the non-vanishing components are 

= -l(^r+^tr{h-^dah)d-hy , (4.7.15) 

(^-f+datr{h-'dbh)y (4.7.16) 

-^(^s + hr{h-^dah)d%^ . (4.7.17) 



Pah — ' 



The Weyl divergent part of the effective action which produces these beta-functions 
after renormahsation is, 

Sweyl = -\j [Pp^X'd^'X^ + l3gd^Y''d^'Y' - ei^^Hf^d^X'd.X^] Aq. (4.7.18) 

The equation of motion for the base coordinate Y is 

252y" = d^hijdf.x^di'xi - d%ije^"'d^x'd^x^, (4.7.19) 

so upon multiplying both sides tr {h~^dah^ and integrating by parts we have 

^ j (fail [h-^dah] {d^'hijS'"' - d%ije'"') d^X'd^X^ (4.7.20) 

= j (fa tr {h-^dah) O^F" = - J (fa a„tr {h-^dbh) df^Y'^d'^Y'' (4.7.21) 



^°We have set the non-doubled dilaton to a constant. 
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so that (4.7.18) reduces to 




(4.7.22) 



This agrees with what we found previously from the Doubled Formalism in (4.7.10). 
Thus after integrating out the dual coordinate the Doubled Formalism gives exactly 
the same divergent terms as the standard string sigma model. In a general T-fold (at 
least one of the sort that this Double Formalism can cater for) there may be no global 
choice of polarisation and one may only be able to integrate out the dual coordinate on 
a patchwise basis. In that case we may say that on each patch the background fields 
need to obey the same equations as the standard string. 

The construction can be extended to include a non-trivial base metric g{Y) though 
the manipulations are a little more involved. In this case the results for the bcta- 
functionals (4.7.15), (4.7.16) and (4.7.17) are respectively supplemented by the following 
extra terms: 



These terms do indeed follow from the doubled geometry Weyl divergences (4.5.21) and 
(4.5.22) after application of the equations of motion. For instance, one can immediately 



4.8 A Brief Recapitulation 

Let us, at this point, take stock of the situation. We have been able to calculate the 
one-loop Weyl divergence of the duality symmetric string which upon renormalisation 
gives rise to the bcta-functionals for the doubled geometry metric couplings. For the 
fibre coordinates these are the obvious geometric quantity, the doubled target space 
Ricci tensor. For base coordinates, the terms in the Ricci tensor that contain the fibre 
metric T-L pick up an extra factor of a half. 

We were then able to show that upon elimination of the background T-dual coordi- 



Rab + \trih-'d%)dtgab - ^tv{h-'d'h)dagtb , 



(4.7.23) 



(4.7.24) 



(4.7.25) 



see Rab, the Ricci tensor of the base metric g appearing in (4.5.21). 
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nate by means of the classical equation of motion, the Weyl divergences for the standard 
string match those of the doubled string. In fact, we actually had to do more than just 
eliminate the T-dual coordinate, we also had to use the equation of motion for the base 
coordinates to match these divergences. This may feel somewhat strange since in the 
construction of the Doubled Formalism we haven't actually changed the base of the 
fibration whatsoever. 

There are a few puzzling questions that still remain. Firstly, can we relate the stan- 
dard string to the doubled string without resorting to the elimination of the classical 
T-dual fields according to their equations of motion? Second, what is the vmdcrlying 
geometric picture that the doubled beta functions provide? Finally, how does the in- 
clusion of an appropriate dilaton field alter these results? As we shall see, the answers 
to these questions are interrelated. 

4.9 Inclusion of the Dilaton 

The doubled dilaton $ is related to the standard dilaton by 



and is included into the string action (even in the Doubled Formalism) with a standard 
Fradkin-Tseytlin term^^ 



We emphasise that this term is an order of a' up on the rest of the doubled string 
action. We should remark that in the conformal gauge (which we have used to do the 
background field expansion) the Dilaton decouples from the theory. 

4.9.1 Using a constant Doubled dilaton 

An important point is that because of the relationship (4.9.1) it is inconsistent in general 
to simultaneously consider both the doubled dilaton, and the standard dilaton, 

^^Note the normalisation of ^ which is for later convenience. A different normalisation would require 
amending the relation between $ and 0. Also, note that in this action rj refers to a general worldsheet 
metric. 




(4.9.1) 




(4.9.2) 
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to be constant. In the calculations above we assumed that the only contribution to the 
Weyl divergence is given by (4.5.26) and hence that $ is constant. It therefore makes 
the most sense to compare the divergence arising in the Doubled Formalism with the 
non-doubled string with a non constant dilaton 

^ = ^ In det h + constant . (4.9.3) 

Therefore in assessing the metric divergences we should really compare the divergences 
in Syjeyi to those that give rise to the completed beta functions 

P[Gij] = a' (^Rij-\h^''iHmkj + DiDj(^^ , (4.9.4) 
P[Bij] = -'^{D'^HKij-D'^ct^HKij) . (4.9.5) 

When evaluating these one quickly sees that the dilaton contribution exactly cancels 
the extra terms on the right hand side of (4.7.15), (4.7.16) and (4.7.17) to leave 

f^?j=-\rij, Pab = -\tab, ^Fj = -\sij. (4.9.6) 

Then it is immediately clear that these beta functions correspond to the divergences 
in (4.7.10) without the need for further manipulations involving the base equation of 
motion. 



4.9.2 Dilaton contributions to existing beta functions 

Let us now consider how a non constant doubled dilaton modifies the doubled beta 
function for Map- We shall use a slightly indirect method to evaluate these contributions 

by making use of the generalised conformal invariancc technique used in [127]. Consider 
starting with a sigma model with no dilaton term. For the sigma model to be Weyl 
anomaly free we don't actually need that Weyl divergence, given by 

->V«;3=^a/3+5„;3, (4.9.7) 

be identically zero. Since the sigma model should not be affected by on-shell target 
space field transformation induced by X°' — > + F'* we only need that the Weyl 
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divergence is zero up to such redefinition. Therefore we define a full beta function as 

Pa0 = -Wa0-VaVp = O. (4.9.8) 

As explained in [127, 128] we should restrict to be the derivative of a scalar which 
we are led to associate with the dilaton. Hence we have, introducing a constant A to 
account for possible normalisation issues, 

Pap = Tlap + So^p + WaVp^ = . (4.9.9) 

We express this on the base and fibre and obtain: 

Pab = Rab+l^a'HABVbn^'' + XVaVb^, (4.9.10) 
o 

Pab = -lv^nAB + l({^an)n-H^'"H)) +aJv„HabV"$. (4.9.11) 

2 2 \ J AB 2 

We have chosen to express these with hatted covariant derivatives constructed out of 
the base metric Qah and the reader should bear in mind that these objects are actually 
blind to indices on the fibre e.g. 

^aUAB = daUAB , V^UaB = dad^^UAB + K^d'^HAB ■ (4.9.12) 

With this notation we are tempted to think of fibre indices as not really labelling target 
space coordinates but labelling moduli fields contained in In other words it seems 
like these beta-functionals may have a geometric interpretation in a target space that 
has been dimensionally reduced so that only the base coordinates remain. We will see 
later that this is indeed a sensible interpretation. 



4.9.3 Dilaton Beta Function 

Now let us consider the beta function for the dilaton itself. The leading order part will 
be the familiar 

P^=^^ + Oia') (4.9.13) 

where D is the dimension of the non-doubled target space. The reason for this is seen 
quite clearly by counting the central charge c of the doubled theory; if we double d 
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coordinates we have D + d bosons however 2d of them are chiral and only count for half 
in the central charge. We thus expect the central charge to remain equal to the standard 
target space dimension. The factor of 26 arises in the standard way from considering 
the integration over worldsheet metrics in the path integral [129]. 

The next order in a' contribution is more complicated. There are two sources of 
contributions, namely those which are one-loop and arise from the background field 
expansion of Sdu to quadratic order and those which are two-loops and arise from the 
expansion of the action (4.2.12). The reason that two-loop contributions appear is that 
the dilaton term is order a' up on the metric terms in the action. 

Let us first evaluate the one-loop contribution. Since the Dilaton action is the same 
as for the standard string we can read off the result that 



= --a' -(P$)^+ 2-loops ) (4.9.14) 



= --a' (^VaV"$ - -{V^y + 2-loopsJ , (4.9.15) 

in which we have used that Tj^ = tr'H~^da'H = to get to the second line. 

To evaluate the two-loop contribution we need to background field expand (4.2.12) 
to third and fourth order. The relevant terms are those that do not directly couple to 
the classical fields and whose contractions have a power counting of p~'^. At third 
order we find 

5(3) = ^J jr^p.^CDoeDi^^ + }CafinCDoeDo^^ + ■■■, (4.9.16) 
and at fourth order 



S(") = -^y"7^ax5/3^lr^leW 



+^ J [l2/C«^.^5 + SJCapTZ'^^s^] Do^Do^^^H' + ■■■, (4-9.17) 

where the ellipsis signify contributions not relevant for the dilaton beta-function. 

To calculate the quantum effective action we will need to calculate the Wick con- 
tractions of the exponential of the action. That is, we will have to consider ((S^^))^) 
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and (S'(^)). One could find the correct propagator contractions by considerations sim- 
ilar to those in the appendix of this thesis. It would, of course, be a matter of some 
considerable detail to calculate all the diagrams needed. However we can quickly see by 
taking a few test contractions of TZaPxi ^^^^ M°'^,JC.°'^ and /C"'^ that the result, which 
must be a scalar, will be given in terms of two underlying objects; the base Ricci scalar 
R and two-derivative contractions of the fibre coset metric H. 

So with constants A and B undetermined we will have 



/3* 



= (vaV"^ - ^(W)^ + AR + B {VoH'^y'^y)^ ■ (4.9.18) 



We shall use an integrability condition as an indirect and efficient way to determine 
these coefficients. For the standard string the vanishing of the metric beta function and 
the Bianchi identity imply that the divergence of the metric beta function is equal to 
the gradient of some scalar [127]. This scalar is identified as the dilaton beta function. 
We shall see that in the doubled case the same is true, that is we have 

^?"/3(A^)a/3 = ^--DpUm (4.9.19) 

when /3(A^)a/3 = for a constant coefficient A which we fix in a short moment. This 
is sufficient to fix all the unknown coefficients A, B, A, A. Using the Bianchi identity for 
the Ricci tensor one can show that when f3[M.] = 0, 

25"^(M)a/3 = P"(7^a/3+5„/3 + AP;3P„$) 

= ^Vp (7^ + 2AP^$ - A^(P$)2) - A5a^P"# + V'Saff. (4.9.20) 

It is also easy to see that on the fibre (when the free index P = B) both sides of (4.9.19) 
are zero by the assumption that no fields depend on the fibre coordinates and the fact 
that = 0. So we will need to evaluate this expression on the base (when the free 
index (3 = h). We find 



V J I + \ii{VaHV'''H-^) + AV2$ - y (V<1>)2 



/3=6 



(4.9.21) 



To proceed we are going to need a suitable Bianchi-like identity for 8^8 to allow us to 
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pull out a total derivative. To do this it suffices to see that 

-tr(y''HH-^VaVbHH~^) . (4.9.22) 

Then for the for the second of the S terms in (4.9.21) we have 

1. 



o 

8 4 
+ Jtr(V"HH-^VaV6HH~^). (4.9.23) 



For the first we find 



^tr(V6H-^ VaH) v"$ = I {Vbn''^)VanijV''^ . (4.9.24) 



I3=b 



We can now use the vanishing of the fibre components of the doubled metric beta 
function (4.9.11) to swap the occurrence of the dilaton in (5.6.27) for some more terms 
involving T-L. We find 



lir{Vbn-^v^n) + ItriVann-^VbUn-^Vann-^) . (4.9.25) 



0=b " 

Upon invoking the identity (4.9.22) we find that 

1 



= -^Vhv{VanV'"H-^). (4.9.26) 

0=b 1^ 



Thus from the integrability condition (4.9.19) we find the dilaton beta function to be 
A/3* = (AV„V"$-y(W)2 + ii?+l(v„1^-iV"1^)^ 

= -a|- (^VaV"$ - ^(w)2 + AR + B {y aU-^v^n^^ . (4.9.27) 

This then fixes the coefficients \ = 1, A = —2/a' , A = ^, B = j^. Thus we find the full 
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set of beta functions for the doubled string: 













= Rab + |tr(V6H-^VaH) + VaV6$ 


m 


= -<^ (^V2$ - i(V$)2 + lR+ ^tr(V6H-^V«^)) 



(4.9.28) 



4.10 Target Space Interpretation 



For the standard string, a result of fundamental importance is that the beta functions 
can be connected to the field equations of a target space theory [118]. The identification 
is schematically given by 

+ - 6gS, (4.10.1) 

a' 

^P'^ ~ S^S, (4.10.2) 

pmaUer ^ S^atterS , (4.10.3) 

where S is the action for the target space theory. Given that we have seen that the 
beta functions appear geometric in a dimensionally reduced target space it is natural to 
guess that the correct target space theory is the dimensional reduction of the standard 
bosonic string target space theory. We now show that this is indeed the case. 

Starting with the c? = 26 bosonic spacetime action, 

= i / d''xV^e-t'{R{G) + (V0)2 - ^H') (4.10.4) 

we reduce on T'^ with the relevant ansatz (in this case a simplified diagonal reduction) 
given by 

/ hCY) \ / b(Y) \ 1 

G=\ ^ ^ \ B=\ ^ ^ <^(y) = $(y) - -In det/i. (4.10.5) 

With this ansatz we see that the T-dual invariant (i.e. doubled) dilaton $ emerges in 
the reduced action since 

^/^e-'t' = ^/^Vhe-'^ = 7=^6"'^+^^'^^'^*^ = V=5e-* . (4.10.6) 
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The standard result is a low energy effective action which displays manifest 0{d,d) 
symmetry [30, 130]. To see this, note that the only non- vanishing Christofel symbols 
and components of field strength are 

r}, = l{h-'dahyj, Tfj = -^d-hij, Tt, = rl, Haij = dabij. (4.10.7) 

Using this one finds 

Rij = -^V^hij-^Aad''hij + ^idahh-^d''h)ij, (4.10.8) 

Rab = Rab-\^bK--TT{h-^dahh-^dbhh-^), (4.10.9) 

R = R- VaA" + Ja„A« - ^Ttih-^dahh-^d^hh-^) , (4.10.10) 

in which = Tv(h^^dah). Recalhng that the fibre moduh fields are naturally packaged 
in the 0{d,d)/0{d) x 0{d) coset form Hab we have the identity 

TV {dan-^d^n) = 2Tr {dah'^d^h + h-^dabh-^d%) . (4.10.11) 

Armed with the above it is easy to see that the dimensional reduction produces the 
action 

S26-d = ^^4^ / d'^-^V^e-^iRig) + (v$)' + ^tr (LVJiLV-u) } . (4.10.12) 

The fields arising from the internal components of the metric and B-field are thought 
of as moduli in that they parametrise the vacuum of the dimensionally reduced theory. 

Wc can see that the reduced action doesn't 'remember' which T-dual compactifaction 
it arose from. In this sense it is natural to expect a clear linkage with the Doubled 
Formalism. In performing this dimensional reduction wc assumed that the fields had no 
dependence on the internal coordinates. This assumption doesn't contradict the general 
aim of understanding T-folds since a non-trivial fibration over the base is still allowed. 

Variation of the action with respect to T-L and gab results in the respective equations 
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of motion: 















- + + {daU-^d^n) , (4.10.13) 

-\^^nij + ^ {dann~^d'"H)jj + ^v^w^^/j , (4.io.i4) 



-9abh^^-^{v^f + ^R+^TT{dan~'d''n)] . (4.10.15) 



Immediately we see that fibre components of the doubled metric beta function 
/3[T-Lij], given by (4.9.11), are proportional to the field equations for "Hyj (4.10.14), the 
doubled dilaton beta function /?[<!>] is proportional to the field equation for <1> (4.10.13) 
and the identification rules (4.10.1, 4.10.2 ,4.10.3) are satisfied with the base beta func- 
tion (5[gab] playing the role of the in (4.10.1) . 

4.11 Discussion and conclusions 

To summarise, using the technique of background field expansion we have been able 
to calculate the beta functionals for the doubled string. Using generalised conformal 
invariance and an integrability condition we were able to establish the complete beta 
functionals including the dilaton dependance. 

We have shown that the full beta-functions of the T-duality symmetric string have 
a most natural target space interpretation as the field equations of an 0{d, d) invariant 
dimensionally reduced target space theory. This was perhaps to be expected though 
the detailed relationship between the string in the doubled geometry and the equations 
of motion of the background are now made manifest. One hopes this may ultimately 
lead to a better understanding of how T-folds may work. 

In this calculation there were some notable features that we wish to draw attention 
to. First, the topological term which is crucial in establishing equivalence of partition 
functions with the standard sigma model, played no role in this calculation. Second, 
the non-covariant structure of the action (4.2.12) meant that unlike the calculation for 
the standard string, the 'gauge' or vielbein terms do contribute to the divergence and 
increase the computational difficulty. Third, the B-field is incorporated into the doubled 
metric and there is no anti-symmetric term in the action. Fourth, the chiral nature of 



82 



CHAPTER 4. QUANTUM ASPECTS OF DOUBLED STRING THEORY 



the fibre coordinates suggests that one should be concerned about any potential Lorentz 
anomaly. This anomaly actually vanishes, cancelling between the Bosons of opposite 
chirality. Finally, we found that the jC coupling containing the 0{n,n) fibre metric L 
does not get renormalised. 

One interesting question to consider is the convergence properties of the perturbation 
theory of the doubled formalism. We should really consider the background field method 
an expansion in a small dimensionless parameter \/q7 /r where r is the characteristic 
radius of a compact space [9]. However, in the Doubled Formalism this presents a 
puzzle since there are always necessarily T-dual pairs of characteristic radii r and a' /r 
one of which is small when the other is large. One might then be concerned that the 
perturbation theory breaks down. Nonetheless, we have seen that this is not so - upon 
integrating out the dual fields the Weyl divergences exactly match those of the standard 
string. One might just say that the Doubled Formalism perturbation theory is as exactly 
as good as the standard string. Furthermore, one might anticipate that the background 
field expansion of the Doubled Formalism formally matches that of the standard string 
(compactified on a torus) to any given loop order regardless of how convergent the 
perturbation theory actually is. 

We conclude by making a few remarks about potential generalisations. In general, 
the dimensional reduction above includes a U (1)^'^ gauge field coming from isometrics 
of the T"^ and transformations of the B-field on the fibre. It would be nice to show that 
these fields arise when one considers a connection in the doubled fibration. However, 
in this case it becomes more subtle to find the constrained action akin to (4.2.12). It 
seems that the PST procedure would result in off-diagonal elements in both Ai and 
C. This would significantly increase the computational burden in calculating the Weyl 
divergences. 

As with other treatments of the duality symmetric formalism we had to specify that 
the fibre metric depended only on the base coordinates. It would be nice to relax this 
assumption. The difficulty with doing so is that the chirality constraint would have to 
be modified as would its implementation with a suitable generalisation the PST action. 
Another interesting and perhaps more democratic generalisation along this line would 
be the doubling of all coordinates. We will address this in the coming chapters when 
we consider Poisson-Lie T-duality which does involve internal coordinate dependance. 
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POISSON-LIE T-DUALITY BEYOND THE 
CLASSICAL LEVEL 

In this chapter we examine a generahsation of T-duahty known as Poisson- 
Lie T-duality. We examine the renormahsation of the Poisson-Lie T-duality 
invariant sigma model using similar techniques to those in the previous chap- 
ter. We then comment on the Lorentz Invariance properties of these duality 
invariant action. Some of the results in this section have been published in 
[3] and some are as yet unpublished. 

5.1 Overview 

An interesting generalisation of the abelian T-duality [46, 47, 52, 53] and non-abelian 
[55, 70, 131] T-dualities is the Poisson-Lie T-duality proposed by Klimcik and Severa 
[31, 32, 64]. Its most notable feature is that it does not rely on the existence of isometries 
but rather on a rigid group-theoretical structure known as the Drinfcld Double [132]. 
Nevertheless, it shares some common features with ordinary T-duality. For instance, it 
can be explicitly formulated as a canonical transformation between phase-space variables 
[79], similarly to ordinary T-duality [57, 74]. 

A further similarity to the abelian T-duality is that there exists a duality invariant 
'mother' theory from which pairs of Poisson-Lie T-dual cr-models can be obtained. This 
theory consists of a Wess-Zumino-Witten model on the Drinfeld Double supplemented 
with a non-linear interaction term [32]. Much like the duality invariant formalism 
of abelian T-duality of the previous chapters this duality invariant theory involves a 
doubling of fields and a lack of manifest world sheet Lorentz invariance. 

By choosing a parametrisation for a group element of the Double and implementing 
the constraints that arise as equations of motion, one can eliminate half of the fields and 
obtain a standard Lorentz invariant cr-model. The T-dual partner to this is obtained by 
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choosing a different parametrisation for the group element and repeating the constraint 
procedure. 

It is natural to ask whether such an equivalence holds beyond the classical level. Re- 
lated to this is the question of whether the procedure of quantisation before eliminating 
extra fields is equivalent to first eliminating fields and then quantising? 

A first step in understanding whether Poisson-Lie T-duality holds beyond the clas- 
sical level was made in [133] where it was shown, for specific examples, that the system 
of renormalisation group (RG) equations for couplings occurring in each of the T-dual 
theories are equivalent at one-loop. The one-loop renormalisation of general Poisson- 
Lie T-dual models was considered in [134] and a proof of the equivalence of their RG 
equations was given in [135]. 

It is interesting to ask whether these RG equations can be recast in a manifestly 
duality invariant form. For this to be so we should hope that the duality invariant 
theory also produces the same system of RG equations. This need not be the case 
since the process of constraining used to arrive at the pair of T-dual models may not 
commute with the process of quantisation. This motivates our study of the one-loop 
renormalisation of the PL T-duality invariant theory. 

The organisation of this chapter is as follows; we begin by introducing the needed 
mathematical concept of the Drinfeld Double. We then introduce the basics of Poisson- 
Lie T-duality and the duality invariant formalism. Following this we shall consider 
the renormalisation of the PL duality invariant action by applying and extending the 
techniques established in the preceding chapter. In this case the analysis is complicated 
by the non-trivial internal coordinate dependence of the group geometry. As the duality 
invariant theory is not manifestly Lorentz invariant one might expect both a Lorentz and 
a Weyl anomaly to occur. We shall see that the Lorentz anomaly vanishes through non- 
trivial calculations and that the counter terms for the Weyl divergence can be absorbed 
into a redefinition of the couplings. Hence the model is one-loop renormalisable. We 
will compare this renormalisation to that of the T-dual pairs of cr-models. We finish 
the chapter with an investigation into the emergent on-shell Lorentz symmetry of sigma 
models that are similar to the PL T-duality invariant theory under consideration. 
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5.2 Drinfeld Doubles 

A Drinfeld Double is a Lie algebra V which can be decomposed as the sum of two 
maximally isotropic subalgebras T> = Q ®Q with respect to an inner product (• | •)• In 
terms of generators of Q and T" of Q the isotropy condition is expressed as 

(TJ T6) = (f« I r^) = 0, {Ta\f^)=5l. (5.2.1) 

We will often write Ta = {Ta,T"') for the complete set of generators of V so that 

{Ta\Tb)=Vab= I ° ^''^'"'^ I . (5.2.2) 



The structure constants of the double defined by [Ta,Tb] = ifAs'^c must obey 

[Ta,T,] = if^.'^Tc, (5.2.3) 
^fa^fb^ = z/"^^T^ (5.2.4) 
[Ta,f'] = if\T,-ifJf\ (5.2.5) 

The Jacobi identity provides a compatibility condition on the two sets of structure 
constants: 

nffa - nffa - hfka + f^ffka" " f^affk = • (5-2.6) 

For g E G the following definitions are extensively used: 

g-'Tag = a{g)J^n, g-^f- g = higf^T, + {a{g)-\-f\ m'' = 6^= V • (5-2.7) 
Consistency demands that 

a{g-^) = a{g)-\ h{gf = h{g-^), Yl{9f = -n{g). (5.2.8) 
We have similar definitions for the action of ^ G G. 
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5.2.1 Examples of Drinfeld Doubles 

The simplest example is where V = u(l)^'' and Q = Q = n(l)'^. This is the abelian 
double. In this case the structure constants all vanish and we have 

aa=a\ = 6i b = b = U = U = 0. (5.2.9) 

Poisson Lie T-duality for the case of this abelian double reduces to the familiar abelian 
T-duality and the duality invariant formalism reduces to exactly that of the previous 
chapter. 

The next most simple example is the semi-abelian double where G is abelian. In 
this case we parametrize g = e*'^"-^" G G and find 

6«'' = n"^ = 0, a\ = d\, 6a6 = fcc = -n„6. (5.2.10) 

In fact, this semi-abelian double is relevant to 'non-abelian' T-duality. 

We can also have doubles where both Q and Q are non-abelian. For each decom- 
position of V = Q (B Q there is a corresponding pair of dual sigma models. The fact 
that there may exist several such decompositions gives rise to the notion of Poisson-Lie 
plurality (this term was coined in [136] though the notion dates back to the original 
work [31]). The ordered set {V, Q, Q) is sometimes referred to as a Manin triple. 

The simplest non-abelian double is four dimensional and is P = gl(2^'R) expressed 
as the sum of two Borelian siibalgebras [64]. In six dimensions there are a substantial 
number of doubles which have been completely classified in [137-139]. An interesting 
example in six dimensions, which we shall use later, is the double so(3, 1) = su{2) 63 
where 63 is a real three dimensional algebra whose non vanishing commutators are 

[r3,ri] =Ti and [r3,T2] = r2. 

5.2.2 Subspaces of the Double 

A key step of the Poisson-Lie Duality construction is to choose two orthogonal subspaces 
of T> which we call Tl"^. We can do this by simply defining a constant matrix E^ with 
no given symmetry. Then we write 

7^± = span(ra ± ,f ^) , (5.2.11) 
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where = E^^. In what follows, we shall use the notation that Mg is the symmetric 
part of Eoab and B the antisymmetric part. We shall also denote the matrix inverse 
Eq^ = M. 

If we write a basis vector 

\Ri) = \Ta±E^^,f'), (5.2.12) 

we have 

{Rt\R^) = (5.2.13) 

{Rt\Rb) = {Ta\±E^,X) + {^E^acnTb)=±2Msab. (5.2.14) 

Then we may define an operator R that takes value of ±1 on the subspaces 7?.^ as: 

R = I {\Rt){Mr'r{Rt\ + \R-){Mr'r\R^\) . (5.2.15) 

It will be helpful to define a matrix given by the value of this operator on the generators 
of the double 

/ (Ms - BG-^B)ab (BM-^)J' \ 
Rab = {Ta\R\Tb) = ~ , - 1 r ' (5-2-16) 

which is, of course, a very familiar 0((i, d)/0{d) x 0{d) coset matrix. 
5.3 Poisson Lie T-duality 

Wc now come to describing the actual sigma models that are related by PL T-duality. 
Let and Xi be local coordinates on G and G respectively. For g e G a left invariant 
1-form is given by 

L = LidX'Ta = -ig'^dg , (5.3.1) 

so that 

Lf = -i{g-'dg\n , (5.3.2) 

in which we have used the inner product on the double. Right invariant forms are 
defined analogously R = —idgg"^. 
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The two Poisson Lie T-dual models are (no spectator fields) then given by 

S = J (fai{E+)-^+U)jLfLp+X'd-X^ = j (faQ±d+X'd-X^ , (5.3.3) 
S = J d^(T[{E+ + IL)-^]''^LiLid+Xid-Xj = J <faQ+'^d+Xid-Xj . (5.3.4) 

The above sigma models may be supplemented by the inclusion of some extra 'spec- 
tator' fields which we shall, at least for the time being, ignore. This slightly simplified 
scenario, know as atomic duality, is sufficient to demonstrate all the salient features of 
Poisson-Lie T-duality. 

In general, is not obvious that S is isometric under the (left action) action of G since 
there is complicated coordinate dependence in Q^j. However, the construction of E is 
such that this coordinate dependence is highly constrained. 

The left action of the group given infinitesimally by 5g = eg for e = e^T^ corresponds 
to the coordinate shift 6x'^ = e"i?Jj where the vector fields Ra are the duals to the right 
invariant forms. The current associated to this transformation has components 

J+a = Qijd+X'Ri , J-a = Qijd.X^Ri . (5.3.5) 

The result of performing the variation of the action is 

SS = J (fad+e'^Ja- + d-e^Ja+ + {e^CR^Qij) d+X'd-X^ . (5.3.6) 

The special form of the matrices Qij ensures that [140] 

^RaQij = QikRbf^'^al^cQlj i (5.3.7) 

and hence that 

58 = j Sud+e^Ja- + a_e« J„+ + e^'J+bJ-J^ ■ (5.3.8) 

Then demanding that 63 = means that the cr-model current Ja associated to the 
action of G is not closed. Instead it is covariantly closed with respect to the dual gauge 
group G, in other words it satisfies non-commutative conservation property : 

d*Ja + lP'a*Jb^*Jc = 0. (5.3.9) 
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For this to be a consistent construction it is necessary that G and G can form a Drinfeld 
Double [31]. The reason for this is that one requires 

[jOr^ , jO,R>,]Qij = fah'CR^j (5.3.10) 

and upon plugging in (5.3.7) one finds a restriction on the structure constants which is 
exactly that found in the Drinfeld double (5.2.6). 

These sigma models given by (5.3.3) and (5.3.4) are dual, at least classically, since 
they can both be obtained from a single duality invariant starting point. The duality 

invariant sigma model (no spectators again) is given by the Lagrangian [32]: 

S = -]- [ (fa{r^dJ\R\l-^da) , (5.3.11) 
2 7s 

where /o[^] is the Wess-Zumino-Witten model on the Drinfeld double [141] but rotated 
so that a and r play the role of light cone coordinates: 

io[i] = l [ (fa{r^dj\r^dri) + ^ [ (r^d/|[r^d/,r^d/]), (5.3.12) 

2 Js 12 Jb 

where B is some three-dimensional manifold whose boundary is S. Provided that the 
normalisation of the action is appropriately quantised the path integral is indifferent 
as to how the extension B has been chosen [141, 142]. The final term represents some 
deformation which certainly breaks manifest Lorentz invariance.^ 

One can show [32, 64] that the equations of motion that arise from the duality 
invariant theory implies those of the two T-dual models (5.3.3) and (5.3.4). By making 
use of the Polyakov-Wicgman identity [143] one can immediately see that (5.3.11) is 
invariant under Z(r, a) — t- e{T)l{T, a). The equations of motion that follow from (5.3.11) 
can be integrated and this invariance used to yield 

(r^5±/|7^^«) =0. (5.3.13) 

Note that this relies on the splitting on V into orthogonal subspaces and therefore 
implicitly depends on the choice of Eq. In the vicinity of the identity in V we may write 

^For the special case that Rab = Sab this whole action is in fact the Chiral WZW model of 
Sonnenschein [126]. 
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I = hg with g E G and h e G. Substitution of this into (5.3.13) shows that^: 

A±a = {hd±h)a = ^ialE^Ll , (5.3.14) 

where 

These gauge fields are pure gauge and have a vanishing field strength. When this is 
expressed as a condition on g one recovers the equation of motion coming from the 
sigma model (5.3.3). Alternatively, if one applies the same decomposition and makes 
use of the PW formula one finds that (5.3.11) depends on Au and not Aj- . Eliminating 
Act by means of the above equation of motion yields the action (5.3.3) [32, 144]. The 
same procedure but with decomposition / = gh yields the field equations for the dual 
sigma model (5.3.4). This essentially demonstrates classical equivalence. 

A slightly different philosophy to the duality invariant model is provided in [145], 
wherein the duality invariant action has manifest Lorentz invariance but must be sup- 
plemented with a constraint. This is reminiscent of the difference between the Abelian 
T-duality symmetric formulations of Hull [36] and Tseytlin [35] . 

5.3.1 Geometry of the Double 

At this stage it is helpful to recap some geometrical concepts that allow us to describe 
the Drinfeld Double. We introduce local coordinates X^, 1 = 1... 2dg on the Drinfeld 
Double group manifold so that a group element is given hy 1{X) G D. Then left invariant 
one-forms can be defined as 

L = L^Ta = -ir'^dl = LfTAdX^ , (5.3.16) 

and which obey the Maurer-Cartan equation 

dL^ = ^fBc''L^AL^. (5.3.17) 

^Our conventions are aligned with [144] and differ slightly from [32] since we are using left invariant 
forms to express the duality invariant theory. 



91 



CHAPTER 5. POISSON-LIE T-DUALITY BEYOND THE CLASSICAL LEVEL 



The standard (bi-invariant) metric on the group manifold is given by 

riij = LfLjrjAB ■ (5.3.18) 

The components of the left invariant forms can be viewed as vielbeins converting flat 
indices (signified by early Roman letters) to curved space indices (late Roman letters). 
In terms of covariant derivatives built from rjij we have 

DiLj = ^fsc^LfLS. (5.3.19) 

A natural object to define is the torsion given by 

SijK = -fABcLfL^L'^ (5.3.20) 

in which r]AB has been used to raise and lower indices. We may define a generalised 
connection 

t'jK = '^jK-ls!jK, (5.3.21) 
with respect to which the vielbeins are covariantly constant 

DjLj = DiLj, + \sfjLi, = , (5.3.22) 

and thus, according to the first vielbein postulate, the spin connection and torsion are 
related according to 

2^iJK = —i^iBcLjL'^ , (5.3.23) 



or, equivalently. 



lfABcLf = ooiBC- (5.3.24) 



A further useful identity is to note that the Riemann curvature is given by 

RiJKL = ^LfL^L'^L^fABEfcD^ , (5.3.25) 

and 

RijKL = (5.3.26) 
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where R is the curvature that arises from using derivatives that are covariant for the 
generahsed connection (5.3.21).^ It is interesting to note that the generaHsed curvature 
also vanishes when the torsion (5.3.20) is defined with an opposite sign. However we 
found that the relative sign of the relation in (5.3.24) is crucial to our calculations; with 
the wrong sign one finds that at quantum level there will be a Lorentz anomaly and 
that even at the classical level there is a loss of emergent on-shell Lorentz invariance. 

With these geometrical concepts we may write the duality invariant action in the 
form 

S=IJ d'airiij + Bij)doX^diX'^ - RijdiX^d^X^ , (5.3.27) 
where Bjj is an antisymmetric potential^ whose field strength is given by the torsion: 

Bij^K + Bki,j + BjK,i = SijK , (5.3.28) 

and where 

Rij = Rij{X) = LfL^RAB . (5.3.29) 

In this form, it is quite clear that the Poisson-Lie duality invariant action shares many 
of the features of the Doubled formalism, with chirality constraint implemented as in 
(4.2.12). We still have a metric r]jj of signature {dg,dg) and a matrix that depends on 
dg free constant parameters in Rjj that obeys the compatibility 

ti'^'^Rkl = {R-ymL . (5.3.30) 

Additionally, we have a similar structure where Lorentz invariance is not manifest, a 
point to which we shall return shortly. 

However, there are two key differences with the action considered in the previous 
chapter. First is that the matrices rjij and Rjj, which should be compared to Ljj and 
Hij in (4.2.1) and (4.2.2), are no longer constant since they include vielbein dressing 
factors which contain implicit coordinate dependance. The second alteration is the 
inclusion of the torsion term in (5.3.27) . 

^Expression for the generalised curvature can be found in the appendix. 

■^The reader should keep in mind that we use Bjj to represent this potential and Bab for the anti- 
symmetric part of Eg. Also in what follows Rjj refers to the matrix defined in (5.3.29) and not the 
Ricci tensor which makes no appearance. 
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5.4 Renormalisation of the Poisson-Lie Duality Invciriant Theory 

We now wish to calculate the quantum effective action defined as 

= J [D^]e^5[^+«1-^5W (5.4.1) 



iSeffiX) 



which to one-loop is given by expanding the action (5.3.27) to quadratic order in fluc- 
tuations and considering the interaction terms Sint- As with the previous chapter we 
shall adopt the geometric background field expansion method [125] to perform this cal- 
culation. The first point to make is we again find an ambiguity as to which is the best 
metric to use in the geometric expansion; the two choices are the group invariant metric 
rjij and the symmetric Rjj. Because we wish to take advantage of the simplifications 
that the group geometry allows we shall choose to perform a geometric expansion using 
rjij as the metric. 

We now consider the expansion of (5.3.27) which we shall separate into two parts; 
the Wess-Zumino-Witten terms given by 

Swzw = \j d^^mj + Bij)doX'diXJ , (5.4.2) 

and the remaining part which we call the non-Lorentz (NL) term 

Snl = -\J cfaRijdiX^diX-^ . (5.4.3) 

First we consider the expansion of the WZW term for which we find the following second 
order piece 

Swzw = \ j (fariijDoeDi^-' + (^Riklj + IdlSjjk^ doX' d^X' 

+\siJKi'' {Doi'diX' + doX'D^i') . (5.4.4) 

We define generalised derivatives 

^0^' = Do^'-^S'r.KdoX'^^'', (5.4.5) 
Di^' = L'lC' + ^^Wi^V, (5.4.6) 

and note that the sign swap in the torsion terms of these expressions indicate that these 
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axe not simply the covariant derivatives with generahsed connection pulled back to the 
world sheet in a naive way. In terms of these derivatives we have 

Swzw = \j d'ariijM'Di^'+iRiKLj + \dlSijk - \sMiKS^jDj f doX' diX' 

(5.4.7) 

The combination of terms in parentheses in this above expression can be recognised as 
the parts of the generalised Ricci tensor Rjklj that are symmetric under the interchange 
of the indices K, L which are contracted with the fluctuations. Because of the group 
geometry this term vanishes leaving 



S^wzw = o / VuDo^Di^' ■ (5.4.8) 



?(2) _ 1 
'wzw — 2 

As in the previous chapter we shall require a conventional kinetic term for the propa- 
gators and thus we wish to introduce vielbeins to absorb all the coordinate dependance 
from ijij. For a standard sigma-model this is done, as in the appendix, by pulling 
the vielbeins through the derivatives, the result of which is to introduce 'gauge fields' 
which minimally couple to the fluctuations ^. Normally the contributions from these 
gauge fields produce divergences that cancel and one arrives at the standard result of 
non-renormalisation of the WZW term. However, in our case the kinetic term for the 
fluctuations is non-standard and there will be contributions from the gauge fields. 

To proceed we expand out the derivatives and note that 

LfDo^ = L'^D^e -\siKdoX'^eLf 

= do^^ + u^o^Be - Isij.doX^C'^Lf 

= + \fE\Lie - {-fEFGLjLlL%) ^^doX^Lf 

= do^^ + lfE\LiC^ + lf\BC''L^ 

= i^A^oC^ (5.4.9) 
and, due to the sign difference between (5.4.5) and (5.4.6), that 

^1^^ = (ai^^ + fBC^Lff) . (5.4.10) 
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Finally we have 

Swzw = \j VABdo^^di^^ - fABC^^do^'^LfdiX' . (5.4.11) 

To evaluate the NL piece of the action we need to evaluate certain derivatives of the 
matrix Rjj. We find 

DrRij = ^fcD^K^f^ABLj + -/(.^L'^LjRAsLf = -^Sj^jRij - ^Sj^jRu , 

(5.4.12) 

and 

DrDlRij = -^S^iRmnSlj + -^Sij^RnjS^i + 1 -^r^ J 

= -^LfL^L^cL^ [foFREAfcB + fcAREFfoB + A ^ B) .(5.4.13) 

We will find the following tensor useful: 

TiJ = i''i''{DKDLRlJ + RlMR^KLJ + RjMR^KLl) 

= ^C^C^ {"^^kj^lmRni + S^jS^jRnm + / -h- J) 

= ^Lf L^L^Lf e""^"- [VcFREBfoA + IcaRefIdb +A^B) . 

(5.4.14) 

Then one finds that the second order term is given by 

Snl = / RijD^i'Dii-' + TijdiX'diX^ . (5.4.15) 

If we combine this piece with (5.4.11) and expand out the covariant derivatives we find 
that the complete second order expansion of (5.3.27) can be written as a sum of a kinetic 
and interaction terms 

.^('^ = 5kin + 5int , (5.4.16) 

where 

-Skin = \j dadr {vABdo^^di^"" - RABdii^d^^) , (5-4.17) 

and 

Sint = \j dadr {lABi^i'' + Jab^^SiC^ + KABi^doi"") , (5.4.18) 
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with 

IaB = —2^lLf [fAC^fsD^REF + {'^fAF^REC + fAC^REF)fBD^] , 

Jab = ifBA^RcE + 2fEA^RcB)Lf , (5.4.19) 
Kab = -JabcLi . 

We note that the terms labeled by Iab and Jab come from the S)^'j^ action, while the 
term Kab comes from the S-^2:w action. 

The effective action Ses{X) at one-loop is given in terms of the interacting La- 
grangian as 

5eff(X) = (5int) + ^(52j . (5.4.20) 

Substituting (5.4.16) in (5.4.20) we find that the effective Lagrangian is given by 
5'eff(x) ^ \ j ^^^^^(91 + 92 + (Js + 94) 

= \ j dadT [lABi^'^e) + \jABJcD{^''d,efdie) 

+ -KABKcD{i''doefdoe) + (5.4.21) 



+ -^{JabKcd + KABJcD){rdirtdonj , 

where qi,i = 1,2,3,4 are respectively the first, second, third and fourth term in the 
above expression. The contractions and {^d$,)^ are evaluated identically to the 
those in the abelian case (details can again be found in the appendix), with the re- 
sult, reprinted here for convenience: 

(eV) = i?^^A(0) + 7/^^6(0) , 
ii^^di^fd,^'') ^(i?^[^i?^l^-r?^[Vl^)A(0) , 

ii^^'do^fdo^'') ^ -^(i?^[^i?^l^ + 377^[Vl'')A(0) (5.4.22) 

- (ii^[^r?^l^ + r?^[^i2^]^)e(0) , 
i{^^d,efdoe) ^ -^(i?^[S''l'' + ^^'''i?''^'')A(0)-r/^[S''l''e(0) , 

where A(0) and 9(0) are the Weyl and Lorentz anomalies, respectively and ~ denotes 
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the fact that we have kept only the terms relevant to the Lorentz and the Weyl diver- 
gence.^ 

5.4.1 Weyl Anomaly 

We shall now compute the Weyl anomaly of the effective action by plugging (5.4.19) 
and (5.4.22) in (5.4.21). The result can be written as 

„W ^TCrDtf Ef Fry VfAB, 

Ql = ~2 1 ^ ^''^'^ •'^^ iiEPrC + 

{2fAF''REC + fAC^REF)fBD^R^^) , (5.4.23) 

qf = \fAB^fDE^RcERFKiR''''R''^ -rj^^'v^LfL^ , (5.4.24) 

= -^{fABcfDEFR^^R^^ +3fABcf^^F) L^Lf , 

= {fABcf^^D + fcE^ RfbIda^ R^^ + fABcf^^ERFoR^^) LiLf . 

(5.4.25) 

In the calculation of q2 we make some heavy use of the compatibility condition 

R'-^VJM = n'^RjM (5.4.26) 

to show that 

(^JQ^/P - rIQrJP - rj'Qr^iP + RjmSMjRpnS^q 
[R'^R^^ - R^Qr-'^ - + rf%'^) RuKSfjRp^S^ 

[R'^R^^ - R'Qr-'^ - + ^'%'^) RimS^jS^qRmr 

Adding up the contributions we find that the Weyl anomaly reads 

Weyl = ^fAB^fDE"" {RckRehR^^'R''^ -RckRehV^^'v^^ + 

VCKVFHri^''v''^ - VckVehR^^'R'''') LfL^ 

= \iRAcRBF - VACVBF)iR'"'R"'' - v''''v'"')fKH'' fuE^ X (5.4.28) 

Lfl^OiX'diX-^ . 

these expressions, {^"^d^^ d^'^} is really short hand for / d^a' {^'^{a)di^ {a)^^' {a')di'^ {a')}. 



= 0, 
= 0, 

= 0. (5.4.27) 
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However, the zeroth order in the expansion of »Snl has the Lagrangian density 

RABLfL^diX^diX^ . (5.4.29) 

Since the Weyl anomaly counter terms can be absorbed as a redefinition of the Rab we 
find that the action (5.6.1) is renormahsable at one loop. Moreover the RG flow of Rab 
can be directly read off from (5.4.28) and it is equal to 



^ = \{RacRbf - VacVefKR^'^R'''' - v''''v'''')fKH'^fDE'' , (5.4.30) 



where t = In/x, with /x being the energy scale. This is a quite simple formula and 
constitutes one of the main results of the present chapter.^ 



5.4.2 Lorentz Anomaly 

We shall now compute the Lorentz anomaly of the effective action by plugging (5.4.19) 
and (5.4.22) in (5.4.21). The result can be written as 

= -\LfLf{fAc''fsD^REFri^^+ 

( 2fAF^REC + fAC^REF)fBD''ri^^) , 

q2 = 0, (5.4.31) 

qs = fABcfDE''R^^LfLfdiX'diX\ 

ql = i-fAB^RcE + 2fEA^RcB)f'^''DLfLpiX'diX^ . 

Adding up the contributions we find that the Lorentz anomaly is zero. Thus, the 
system is Lorentz invariant at one loop and this represents an important and non-trivial 
demonstration of consistency. 



5.5 Some Examples and a general proof of equivalence 

We now wish to compare the result (5.4.30) with the renormalisation of T-dual pairs of 
sigma models. We first give some examples in which the known renormalisation of the 

^This result appeared in a paper by the author of this thesis together with collaborators K. Sfetsos 
and K. Siampos [3]. During the final days of the preparation of that preprint, we learnt of another 
group [146] who had arrived at the same conclusion albeit with different motivation. 
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T-dual pairs match that of the duahty invariant theory. We then present an algebraic 
proof that this is equivalence holds in general. 

5.5.1 Renormalisation of T-dual pairs 
Since the pairs of dual models, 

S = j (fa{{E+)-^ +Jl)-jLlL)d+X'd-X^ = j (faQp+X^d-X^ , (5.5.1) 
S = J d^<j[{E+ + Il)-^]''''LiLid+Xid-Xj = J cPaQ^'^ d+Xid-Xj , (5.5.2) 

are of a standard form, the one-loop counter terms are given by the generalised Ricci 
tensor constructed out of Q^j [123, 147, 148]. One can then deduce the KG equations 
for the (P couplings we call that are hidden inside and provided by the parameter 



matrix Eo^ab- This is expressed as 



^ = -<, (5.5.3) 

where the a^s are chosen such that 

^Rij = da,Qtja1 . (5.5.4) 

In this treatment we have also omitted possible field renormalisations as they are not 
needed in our case. 

Since the metrics that appear in (5.5.1) and (5.5.2) are, in general, very complicated 
it may seem very hard to algebraically evaluate the RG equations described by (5.5.4). 
However, an algebraic treatment was provided in [134] which allowed a demonstration 
[135] of the equivalence of the system (5.5.4) for (5.5.1) and (5.5.2). 

To present the result for the beta function equations we recall the notation intro- 
duced in [135]. We first define the matrices 

A''\ = ~r\ - fcd'^M'^^ , B^^c = ~r\ + M'^'^fdJ' , (5.5.5) 

as well as their duals 

Aab' = fab" - ~r''a{M-%^ , B^b' = fab' + {M-\J\ . (5.5.6) 
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Using these we also construct 



^{M-^)cd (^A^^M'^" + B'"^^M^^ - B^^M"^^ , (5.5.7) 



Tjab 

^ 2 



and 



Lab" = ^{Mr'y" {Bab'{M-')ed + Adb%M-\,- Aaf{M-\b) , 

Rab" = l{Mi'r''[Aab'{M-\e+Ba/{M-%i,-Bdi,%M-%e) , (5.5.8) 



where 



M, 



s 



1{M + M^), Ms = l [(M-i) + {M-Y] . (5.5.9) 



The one-loop RG equations corresponding to (5.5.1) were caluclated in [134] and are 
given by (in the notation of [135]) 

— = i?«<^dL*e • (5.5.10) 
Similarly, for its dual (5.5.2) we have 

^-^"^ = Ra/Ld,^ . (5.5.11) 

Developing certain identities among the various quantities defined above it has been 
shown in [135] that the two systems (5.5.10) and (5.5.11) are in fact equivalent. There- 
fore, at one-loop in perturbation theory, general cr-models related by Poisson-Lie T- 
duality are equivalent under the renormalisation group flow. Perhaps the reason for 
this can be traced to that fact that the cr-model actions (5.5.1) and (5.5.2) are formally 
canonically equivalent in phase space [79, 144]. The equivalence of the systems (5.5.10) 
and (5.5.11) does not necessarily mean that the beta functions one would have com- 
puted for the original action (5.3.27) using (5.4.30) would have been the same. The 
reason is that as we have mentioned above, certain constraints were solved in order to 
obtain (5.5.1) and (5.5.2), and quantisation before and after solving them might not be 
commuting operations. 

At this stage we cannot help but remark at the compactness of the duality invariant 
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form of the RG equation (5.4.30) compared with the rather complicated equations in 
(5.5.10) and (5.5.11). 

We will present three non-trivial examples in which we will explicitly compute the 
beta functions equations using (5.4.30) and recover the same equations that were pre- 
viously computed using (5.5.10). 

Semi-Abelian Doubles 

As a first example we consider the case when the commutator relations for the double 
are given as 

[Ta, Th] = ifab'Tc , 

[T",r''] = , 

This is known as the semi-abelian double since Q = U{1)'^ and coincides with the regular 
notion non-abelian T-duality. We leave the group Q general but to keep the problem 
simple we consider a point in the coupling space where 

^ab ^ ^^ab _ (5.5.13) 

Then from (5.5.7) wc find that i?"^ = -L"^ = ^/"''c- Then, from the general RG 
equations (5.5.10) we find the result 

^S'^b ^ _^ fac fdb ^ _^^2gab (5 514) 

dt 4 ^ 4 ' ^ ' 

where C2 is the quadratic Casimir in the adjoint representation. In the duality invariant 
expressions we have that Rab = diag(^(5af,, K(5"^) and can simply calculate the RG 
equation for k using (5.4.30). We find that the above result is recovered. 

A six-dimensional Drinfeld Double 

In this example wc use a six-dimensional Drinfeld Double based on the three-dimensional 
Lie algebras, IX for G and V for G in the Bianchi classification. In fact, this Drinfeld 
double is ismorphic to so(3, 1) represented as a sum su{2) © 63. 



(5.5.12) 
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The corresponding generators are Ta and T", where a = 1,2, 3. It is convenient to 
split the index a = (3, a), with a = 1,2. The non- vanishing commutation relations are 

[Ta, Tb] = ieabcTc , [T3, Ta] = iTa , [Ta, T13] = iCajsTs — iSajsTs , 

[^3, fa] = iea^fp , [Ta, Ta] = ie^/jT^ - iTa , (5.5.15) 

where 5ap, Ca/j are the Kronecker delta and the antisymmetric symbol in two dimensions, 
and Eahc is the totally antisymmetric tensor in three dimensions, £123 = 1. 

To see the equivalence of this Drinfeld double with the so(3, 1) algebra given by 

~i[MijMki] = VikMji + VjiMik - ViiMjk - rjjkMu , (5.5.16) 

one splits the generators into rotations Ja = \^ahcM.hc for a-,b,c = 1,2,3 and boosts 
Ka = Ma4 to obtain the contraction 

[Ja, Jb] = ieabcJc , [Ka, Jb] = i^abcJc , [Ka, Kb] = -i€abcJc ■ (5.5.17) 

These commutators are realised by the algebra (5.5.15) by defining 

Ja=Ta, Ki=f^+T2, K2 = f^-Ti, K3 = f\ (5.5.18) 



An explicit representation of this algebra is given by the following generators. For 
the su{2) factor we have the standard 

ri = diag(^,|), i = l...S (5.5.19) 

with 

For the 63 factor we have 

T^ = diagfe^^, T^ = diagf^,^) , f 3 = diar ^ "^^'^ 



2 ' 2 / ' V 2 ' 2 

5.5.21) 

where a± = ai±ia2- An inner product with respect to which su{2) and 63 are maximally 
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isotropic is given by 



<A,B>= Tr {P+AP+B - P^AP^B) , 



(5.5.22) 



in which we have defined projectors P+ = diag (1, 0) and P_ = diag (0, 1) in the relevant 
4-dimensional matrix representation. If we define a set of six generators Ta = {Ta, T"} 
then the inner product is given in components as 



VAB =< Ta,Tb >= 



I3 
I3 



(5.5.23) 



We now wish to test the RG equations for this six-dimensional double. We consider 
the matrix M to be given by 



M 



I a b-1 \ 

1-b a 



V 







(5.5.24) 



— / 
1+9 / 



The reason for this restricted choice of parameter is that in this case the geometries of 
the two sigma models are much more tractable than in the general case. Then from 
(5.2.16) we find that 

\ 





1+9 / 



R 



V 



1 











1-b 


a 


a 





1 





b-1 





a 


a 








1+9 

a 











b-1 





a2+(b-l)2 





a 


a 


1-b 











a2+(b-l)2 


a 


a 


















(5.5.25) 



By plugging the structure constants of the double and this parameter matrix into the 
doubled RG equation (5.4.30) we can calculate the running of the parameters a, b and 
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g. We find (using the Mathematica computer programme): 

|^^^|^((.-V + (. + i)(^^-i)), 

f^ = ^-{a'ig-l) + {g + l){b'-l)), (5.5.26) 
dg l + g 



dt a 



(5(l + a2) + (5 + 2)62). 



This is precisely the same system one derives using (5.5.10) or (5.5.11) as shown in 
[135, 149]. 

A sixteen-dimensional Drinfeld double 

In this final example we study a sixteen-dimensional Drinfeld double group based on an 
SU (3) group with generators Ta and an abelian eight-dimensional group with generators 
T", where a = 1, 2, . . . , 8. For the SU{3) group we use the structure constants in the 
Gell-Mann basis (see for instance, eq.(5.2) of [150]) 

fl2 o fU fl5 f24 f25 ^36 i f45 f%7 

/ 3 = ^) / 7 = —J 6 = / 6 = / 7 = 1 5 = —J 7 = 1, / 8 = / 8 = V3, 

(5.5.27) 

where the rest are obtained by antisymmetrisation in the three indices. Whilst the 
structure constants between the T generators vanish, the full set of structure constants 
for the double includes those coming from commuting T and T generators and these 
may be read from the defining equations of the double. Unlike the previous case, finding 
a matrix representation of this double may be tricky. 

The matrix Rab is built in terms of the symmetric and antisymmetric part of M~^, 
where M is taken for simplicity to be a diagonal eight-dimensional matrix 

M= (-13x3 ) ©(al4x4)©6 . (5.5.28) 



.9 

The result is a diagonal sixteen-dimensional matrix given by 

R = (513x3) e (^14x4^ © J © (y^^""^) ® ® ^ • (5.5.29) 

Plugging the structure constants and this parameter matrix into the doubled RG equa- 
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tion (5.4.30) we find 

da 3a^ a{bg + 1) - 46 db ^ dg 22,0 (rr.on\ 

-dt=^ b ' di=-'" ' dt=^"+'' 

which were precisely the expressions in eq.(5.9) of [135]. 
5.5.2 General Equivalence 

Encouraged by the above non-trivial checks, we now prove the general equivalence of 
the RG equations for the parameters contained in the matrix Rab- It will be useful 
to state the running of Mg and B explicitly by expanding out the compact expression 
(5.5.11). Whilst this calculation is straightforward it is exceedingly tedious. The result 
is that we can write: 

«^-^E<V' (5.5.31) 

with consisting of terms of order i in Bab and order j in the structure constant 

/"c- When i+j is even ^^^b^ is symmetric and hence contributes to the running of Mg 
whereas when i+j is odd, ^^^''^ gives the running of B. We define Kab = BaciMj^y^B^ 
and introduce the notation that hatted indices have been raised or lowered from their 
natural position using Ms and its inverse. For future reference we provide the exact 
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expressions for 

= Vaifeb' + VjeU-fVeS (5-5-32) 

= -2fjf^{ -2fjf\^ + fJl-{a<^h) (5.5.33) 

= V\J\e-V^''hM+~fMan (5-5.34) 

= 2Baefac'f\-B,^f'ff^^-{a^h) (5.5.35) 
= -2Baff%U' -2Baff/'U'^ + 2Bdkrifi 

+2B,JYf^ + Baf~f%fJ + {a^h) (5.5.36) 

+2Baf [FJ£^ + fVlJ - (a o 6) (5.5.37) 
$2'°) = BfbBacf'^fJ - 2BafB,U^^f^f - 2BbfB,nfda'f^f^f 

-2B,hBdkfJ'''h"' - 2KhefJ^fa,' (5.5.38) 

-2BafB^f\ri - B^eBgcfir'a - (a o 6) (5.5.39) 

^if ^ = -2i?a/i?,e/^''7\ - 2BbfBjf^^f^^ - 2BaeBbf[rjfi + rj{ ^] 

-2BueBakh^f\ ' - 2Kgf [f{ - (5.5.40) 

= -2BafBehBdkf''^''f% " + 2BafKehnfi " + 2BacBfhBehf'"^fJ 

+2KehBdkP''afi ' + BdkBheBfbPlf'^ + {a ^ b) (5.5.41) 

= -2KeHBafHfY + 2B,fBaM^f^fY 

-2KehBgJZf\ ' - (a o 6) (5.5.42) 

^It'^ = -KMKehfVl + 2BacBbfBehBdkf''''F''' + 2BacBbfK^^^ 

+2BafBdkKhef''f''ri + 2BbfBdkKhef''f''ri (5.5.43) 

= <f^ = <r = 0- (5-5.44) 



We now turn to the duality invariant RG equation (5.4.30) and from it infer the 
running of the parameters in B and Mg. If we write the RG equation for Rab as 



dRAB / Wab Wa 



b 



dt 



(5.5.45) 



then it is clear from the 0{d,d)/0{d) x 0{d) coset structure of the matrix Rab that 
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the bottom right hand block entry of (5.5.45) gives 

d{Ms)ab ^ _(^Ms)ac{Ms)MW^ . (5.5.46) 



dt 

Expanding out the duahty invariant RG equation (5.4.30) yields 

^(^^)^b ^ 1 / ^(0,0) ^ ^(0,2) ^ ^(2,0) ^ ^(1,1) + $(2,2) ^ $(3,1) ^ $(4,2)\ 5 
dt 4:\ J ab 

Similarly, from the the top right block of (5.5.45) we have 

(^f M,- - SM.-^M-^j „^ = W^. (5.5.48) 
With a little work one can show that 



\ / de. 

+ C $(0,1) + $(1,0) + $(1,2) ^ $(2,1) ^ $(3,1)\ (^--l)cfe ^ (5 5 49) 

\ / ac 



and hence 



= 1 f $(0.1) + $(1.0) + $(1.2) ^ $(2,1) ^ $(3,1)>| 5 

4 V /ab ^ 



Wc can now see that the renormalisation group equations calculated in the duality 
invariant way in (5.5.47) and (5.5.50) are equivalent to the renormalisation group equa- 
tions obtained previously in (5.5.31). 

We remark that whilst it is a small chore to obtain the expressions above in the 
duality invariant formalism it is a significantly more lengthy calculation to obtain the 
form of the from expanding out the compact expression (5.5.11). It is somewhat 

interesting that there are two very compact ways of writing the same result but demon- 
strating their equivalence is an extremely lengthy exercise. It would be desirable to have 
a better understanding of the underlying geometrical reason for this equivalence. 



5.6 On-shell Lorentz invariant actions 



We now return to discuss the Lorentz invariance properties of the Poisson-Lie duality 
invariant action. Instead of doing this directly we will consider the most general form of a 
bosonic sigma model which has the Lorentz structure of the duality invariant formalism. 
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We will examine the conditions under which such a theory has: a) first order equations 
of motion; b) emergent on-shell Lorentz invariance and c) an off-shell invariance under 
modified Lorentz transformations. 

Consider a general non-Lorentz invariant two-dimensional bosonic a-model action 

S=^J dadT {CuNdoX^diX^ + MmnOiX^^ diX^) , (5.6.1) 

where the general matrix Cmn and the symmetric matrix Mmn depend on the X^^'s. 
It is straightforward to show that the Lorentz transformations 

(5X^ = -adrX^ - Td^X^ , (5.6.2) 

do not leave (5.6.1) invariant, resulting instead in (discarding total derivatives) 

<5Lorentz.S = J dadr (^^S M N (diX diX + doX^doX'') + MMNdoX^diX''^ , 

(5.6.3) 

where Smn is the symmetric part of Cmn, i-e. Smn = ^{Cmn + Cnm)- 

We would like to find the conditions under which (5.6.1) is on-shell Lorentz invariant, 
generalising similar considerations have been made in [34] for constant matrices C and 
M. A word of caution is in order; obviously the variation of an action with regard 
to any arbitrary 5X is by definition zero when the equations of motion arc satisfied. 
What we are investigating is not trivial in this regard. Firstly we will not need to 
employ all the equations of motion to make the variation vanish and the way in which 
equations of motion are employed is very special. Typically, equations of motion are 
second order, here we shall find conditions undcrwhich the equations of motion can 
be integrated to give first order equations. A crucial feature is that the equations of 
motion themselves enjoy Lorentz covariance. Finally, we shall see that the action (5.6.1) 
is completely invariant under a set of modified transformations which, on shell, reduce 
to the standard invariance (5.6.2). 

We will split the bosons into X'^ = {X^^,Y^) and investigate conditions under 
which this anomalous variation can be removed using the motion corresponding to the 
X^'s. Since the equations of motion for the y*'s will not be used, we may add to the 
Lagrangian corresponding to (5.6.1) any Lorentz invariant term Qijd+Y^d-Y^ for some 
matrix Qij that may depend on the Y^ spectator fields. 
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The variation of (5.6.1) with respect to the Xi^ is given by 

SS = J dadr SXi" (^-d^E^ + ]^d^,MNpdiX^ d^X^ + t N.^^pd^X^ d^X^^ , (5.6.4) 
where 

E^ = S^NdoX^ + M^NdiX^ , (5.6.5) 

and 

t^N^nA = ^{Oi^Cnp + dpCfj^N - BnC^p) , (5.6.6) 
which as we will soon see, when it is appropriately restricted, plays the role of connection. 

Since (5.6.5) and the equations of motions are first and second order in worldsheet 
derivatives, respectively, wc should require that the latter can be written in the form 
di{. . .) in order to get conditions that can be used to make (5.6.3) vanish. However, 
the last two terms in (5.6.4) cannot be written immediately in this form. To proceed 
we require that the last two terms in (5.6.5) can be cast into the form 

-diA.\KE, , (5.6.7) 

for some X^^ dependent square matrix and its inverse A^. This is a very stringent 
condition with severe consequences that restrict the type of backgrounds in the cr- models 
that can be finally admitted by requiring that Lorentz invariance emerges on-shell. 
Then, assuming that (5.6.7) holds, we find that (5.6.4) becomes 

SS = - J dadr SXf" [diE^ + diK\A.f,E^) = - J dadr SX'^A^diiA'XE^) . (5.6.8) 

Hence, the equations of motion can be integrated once and read 

A'^E, = fA{T) , (5.6.9) 

where the /a(t) are otherwise arbitrary. However, (5.6.8) shows that (5.6.1) has a local 
symmetry under the transformation 

dX^" = A^e^(r) , (5.6.10) 

where e^(T) are some r-dependent parameters. This can be used to set f^ij) = 
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showing that the equations of motion are first order and simply read 

= S^nOoX^ + M^nOiX^ = . (5.6.11) 



5.6.1 Recovering on-shell Lorentz invariance 

Using (5.6.11), we may solve for OqX^ and after some algebraic manipulations recast 
the anomalous Lorentz variation (5.6.3) into the form 



'^Lorentz'S' 



on shell 



= j dadr\^-{SMN-MMaS''^M^M)diX'^d^X^ 



(5.6.12) 



where is the inverse matrix to Sa/s- Thus, to ensure that the Lornetz variation can 
be set to zero we find additional algebraic conditions 



Smn 
Sij 

MiN 



(5.6.13) 



Having established the on-shell Lorentz invariance of the action it remains to show 
the Lorentz invariance of the equations of motion (5.6.11). In order to do that we define 
a set of projection operators as 

{P±rr. = \{5>'.TS''^Mxu) (5.6.14) 

and their invariant subspaces as 

{Q±Ti = \s^'''{Sui T M^i) . (5.6.15) 

Indeed, using (5.6.13), one can readily verify that they satisfy the required properties 

P± = P±, P±Pt = , P±Q± = Q± , P±Q^ = . (5.6.16) 
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Then (5.6.11) with the definition (5.6.5) can be written in the form 

E^ = S^,{El + E'^) , (5.6.17) 

where 

E^ = {P^r.d^X- + {Q^rid^Y' . (5.6.18) 

Then using the properties (5.6.16) the equations of motion (5.6.11) can be easily shown 
to be equivalent to 

E^ = , (5.6.19) 

which has the required form, since they remain invariant under Lorentz transformations. 
Indeed, if we ignore the spectator Y fields, the equations of motion for the X'* are no 
more than the chirality condition 

dXi" = ^Si^^Mi^^dX" , (5.6.20) 

which is clearly Lorentz covariant and which we recognise as a slight generalisation of 
the chirality constraint obtained from the doubled formalism to the case of non-constant 
matrices 5 ~ L and M ~ 7?.. 



The Off-shell Symmetry 

In addition to the on-shell Lorentz-symmetry (5.6.2) we can construct some modified 
Lorentz transformations under which the action is invariant off-shell. These transfor- 
mations are similar to those appearing in a simpler setting of [34, 35, 122]. 

These transformations are given by 

<5X^ = -adrXf-TdaX^'-aiE^ + E^^), 
SY' = -adrY' - TdaY' . (5.6.21) 

We see that the y's have the usual global Lorentz transformation rules. On-shell the 
same is of course true for the X'^'s as well. Again this is best illustrated with the 
spectator fields turned off. Then using (5.6.3) and (5.6.8) we find that the variation of 
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the action under these modified transformations is given by 

Ss = J cfa^E^S'^'E, + aE^S'^^Api {A\E^) . (5.6.22) 

Provided one identifies A with the veilbein of the metric Sap, which we shall shortly 
see is the correct thing to do, the second term cancels the first after an integration by 
parts. 

5.6.2 Solving the Conditions 

We first solve the algebraic constraints (5.6.13) before turing to the requirement that the 
equation of motion is first order. We introduce a set of vielbeins and their inverses 
such that 

Si^v = e^e^VAB , (5.6.23) 

where tjab is the constant tangent space metric. Similarly, let's choose matrices Mmn 
such that 

M^, = -RAse'^e^ , (5.6.24) 

for some constant symmetric matrix Rab- The first of the constraints is solved (5.6.13) 
providing that Rab obeys the compatibility condition 

RAcrf'^RoB = VAB . (5.6.25) 

Then, the remaining conditions in (5.6.13) are solved by introducing a set of matrices 
that may depend on the spectator field (but not on the internal coordinates X^) 
and defining 





= VABe^Ff , 




Sij 


= VABF.^Ff , 






= -RAsFfFf . 


(5.6.26) 




= -RABC^Ff . 





We may choose for the matrix Cij to equal Sij since its antisymmetric part is Lorentz 
invariant by itself. 
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We now turn to the requirement that the equation of motion is first order namely 
^d^MNpOiX^'diX'' + tN■,^,p^oX''^lX'' = -diA'XA^E, . (5.6.27) 

To proceed further, we found necessary to impose for the matrix Mmn the conditions 



(5.6.28) 





= 0, 






= 0, 


(5 




= 0, 





where the derivatives are covariant with respect to a connection defined as 

r^A = ^'^''f ^;.A • (5.6.29) 

In the covariant differentiation the index i is assumed not to transform. We also demand 
that 

^^i;vi — ^j;i>i ~ ) ^ ^lu^ri — ^i;nv -i diC^i, = . (5.6.30) 

An immediate consequence of these constraints is that (?[^C,y]j = which we shall solve 
by simply assuming that C^i = 0. We then have 

ld^C,x = S,iA\dxA^ . (5.6.31) 

When the conditions (5.6.28, 5.6.30) are satisfied we find that (5.6.27) becomes 

t^ErdiX'' = -d^A^A^E, , (5.6.32) 

and hence 

f;, = A^9,A;^. (5.6.33) 
We can evaluate the connection to find 



K = ^lu - Is-'Hp^u (5.6.34) 



where FJ^^^ are the components of the usual symmetric Levi-Cevita connection built 
from the S^i, and Hp/^^, = dpE^i, + d^Bpn + dp,Bi,p with B^i, the antisymmetric part of 
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Sfxv We then find that the relation (5.6.33) gives 

^lu = ^Adi^A^ - Is^'Hp^, , (5.6.35) 

and therefore 

' ' ' ' ' (5.6.36) 



Using the form of Mfj,i, = —e'^RAse^ we find that the first constraint of (5.6.28) is 
solved when the spin connection 



UJ^^''B = rlX^B - eid^4 (5-6.37) 

is related to the torsion via 



o;/^ + ^i^/^e^^ef = . (5.6.38) 



These two boxed equations remind us of the Maurer-Cartan equation and spin con- 
nection of a group manifold with the coordinates parameterising a group element 
g £ G. Let us see this precisely by introducing generators, an inner product and left 
and right invariant forms on the group: 

[Ta, Tb] = ifAB^Tc , {Ta\Tb) = r]AB , 

L^ = -i{g-'dg\TB)v^'' , R^ = -i{dgg-'\TB)rj^'' . (5.6.39) 

The left and right invariant forms obey the Maurer-Cartan equations 

d^L^-d,L^ = fBc'^L^L^, (5.6.40) 

d^R^-d^Rfi = -fsc^Rf^R^, (5.6.41) 

and can be related by 

R^ = ri^''{TB\gTcg-^)L^^ = tj^^NbcL'^ • (5.6.42) 
A couple of helpful identities are 

V^'^NdcV^'^Nab = <5| , O^^Nab = -L'^ Icb^'Nad ■ (5.6.43) 
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We can now choose whether we wish to associate the veilbein e;^ with the left or the 
right Maurer-Cartan form. For each case the relationships above determine the torsion, 
the spin connection and the matrix A uniquely. Choosing the left invariant form we 
have 

A _ j-A , AB _^ r ABtE 

H^.x = -fABcLiL^L"^ , Ai = Ri, (5.6.44) 
whereas for the right invariant form 

_ r)A , , AB _ ^ f ABr)E 

H^^^x = +fABcRtRuRx , K = ^i- (5-6-45) 

The relative signs in the above equations are crucial in order that the equations of motion 
can be written in first order form. In performing our background field expansion for the 
Poisson Lie duality invariant action we found that if the wrong sign choice for torsion 
was used the contributions to the Lorentz anomaly do not cancel. So whilst the above 
is somewhat of a technicality it turns out to be an important one. When dealing with 
a standard WZW model one does not need to take so much care; one can define the 
torsion with either sign relative to the spin connection and still find the same result 
since the generalised curvature vanishes in both cases. 

For concreteness we choose the first case = L^. Using the identities for the 
matrix Nji^b one finds that 

Ci^ = 2rjABFfe^ , (5.6.46) 

solves the requirement (5.6.31). 

Putting everything together we find that the on-shell Lorentz invariance conditions 
(first order equation of motion) are solved by an action with Lagrangian: 

jO = jCwzw + lriAB{F,^FfdoY%Y^ + 2F,^Lj^doY'diX'') 

+^Rab {-L^L^diX'^diX'' - F^'FfdiY'diY^ - 2L^FfdiX^'diY') (5.6.47) 

where >Cwzw corresponds to a WZW model action rotated such that a and r play the 
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role of light cone coordinates. 

When the group is a Drinfeld Double this action is exactly that of the duality 
invariant action for Poisson-Lie T-duality with 'spectator' fields as described in e.g. 
[144]. However, we emphasize that, unlike the discussions related to Poisson-Lie T- 
duality, the group D need not necessarily be a Drinfeld Double. We remark that our 
resTilts for the one-loop Weyl anomaly and Lorentz anomaly did not seem to make use of 
the fact that the group was a Drinfeld Double and we anticipate that they hold in more 
generality. For example, the application to generalised T-duality and doubled twisted 
tori [38, 65] has been explored in [146]. 

5.7 Discussion and Conclusions 

We showed that demanding on-shell Lorentz invariance highly constrains the structure 
of a general Lorentz non-invariant action. The resulting theories have an underlying 
group structure and consist of a WZW term together with some interaction term. In 
the case that the group is a Drinfeld Double these theories are Poisson-Lie T-duality 
invariant cr-models. 

By using a background field method we calculated the one-loop effective action of 
these models and found that they were renormalisable and that a possible quantum 
Lorentz vanished. This is an important consistency condition of such models. We also 
obtained the renormalisation group equations for the couplings of the interaction term 
in our model. For the Poisson-Lie T-duality invariant theories this provides a duality 
invariant description of the RG equations, a key motivator for this work. We also 
verified that for specific examples of the Drinfeld Double that these duality invariant 
RG equations agreed with those obtained from either of the T-dual standard cr-models. 
This agreement was extended algebraically to prove equivalence in all generality. 

An observation that hints at the utility of a duality invariant framework is that 
duality invariant RG equations can be computed using simple contractions of structure 
constants with constant matrices. When dealing with the standard cr-model one obtains 
these equations only by calculating the generalised curvature of what are, in general, 
extremely complicated target space backgrounds. 
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CONCLUSIONS AND OUTLOOK 

T-duality is a striking and fundamental property of String Theory which distinguishes 
it from other quantum field theories. Among its many facets, T-duahty can be realised 
as a canonical transformation in phase space. We saw that this canonical approach to 
the cases of bosonic T-duality in Ramond backgrounds and also to Fermionic T-duality. 

There is a growing body of evidence which supports the idea of using T-duality to 
construct consistent non-geometric or T-fold backgrounds which challenge our conven- 
tional notions of geometry. String Theory can be reformulated in a way which promotes 
T-duality to the level of a manifest symmetry of a classical action. Such an approach 
could be vital to gain a full understanding of these novel non-geometric string back- 
grounds. Moreover, the philosophy of making symmetries manifest in an action seems 
extremely natural and a potential pathway to uncovering some deeper understanding 
of String Theory. 

In this thesis we have examined in some detail one such approach: the Doubled 
Formalism. In this thesis we have added some substantial support to the full quantum 
validity of such approaches. 

We have been able to calculate the background field equations related to the Weyl 
divergence for the Doubled Formalism. This computation was made complex by the 
need to supplement the extra degrees of freedom in the Doubled Formalism with a 

constraint. We used the PST procedure to implement the constraint at the level of the 
Lagrangian. Upon gauge fixing we found an action where Lorentz invariance had been 
lost, a feature characteristic of many duality invariant approaches. Working without 
manifest Lorentz invariance required being careful of both Lorentz and Weyl anomalies 
in the effective action. For the Doubled Formalism we found two crucial results: 

1. Global Lorentz anomalies cancel non-trivially at one-loop 

2. The background field equations that need to be satisfied for the vanishing of the 
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Weyl anomaly are equivalent to those of the conventional String Theory in a 
toroidally compactified background. 

These two results are important indicators of the consistency of the Doubled Formahsm. 

There are many ways to directly extend this research, for example, the inclusion of 
higher loop effects and additional 'spectator' fields. Within the calculation approach 
used in this thesis such generalisations may be rather time consuming and it docs seem, 
at least in this author's opinion, rather probable that the validity will continue to hold. 

Generalising T-duality beyond the Abelian situation is notoriously difficult due to 
complications with global topological effects. Nevertheless, Poisson-Lie T-duality repre- 
sents an import and very interesting step in that direction. We investigated the effective 
action of the duality invariant formalism for this case of Poisson-Lie T-duality. Once 
again we found that the formulation appears consistent: Lorentz anomalies cancel and 
Weyl divergences match those of the conventional T-dual related sigma models. 

It is somewhat remarkable that the results for the beta functions could, in both cases, 
be expressed compactly in terms of the duality invariant theory. To show the equiv- 
alence with the conventional sigma models requires a large amount of manipulation. 
It would be highly desirable to have a more profound conceptual way of understand- 
ing how expressions without manifest duality invariancc can be shown to match those 
with duality invariance. To this end perhaps one needs to adopt a different geometric 
perspective for example the doubled geometry of Hitchin [151, 152]. 

We close with a few remarks about possible future directions of research in the 
subject. One avenue of research would be the construction of explicit non-geometric 
string backgrounds and understanding of their associated phenomenology. A different 
direction is to consider applications of the duality invariant philosophy to other branches 
of theoretical physics. For example, perhaps the formulation of a Doubled Formalism 
for fermionic T-duality might help shed further light on the Wilson- loop/amplitude 
connection in supersymmetric gauge theory. Indeed one might even hope to reformulate 
the actual gauge theory so that both conformal and dual superconformal symmetries are 
manifest. It is interesting to ask whether such an approach can be used to constrain and 
determine amplitudes. Another possibility is the extension of duality invariance to M- 
theory - a duality invariant approach may provide insights into fundamental structure 
of M-theory. 
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CONVENTIONS 



A.l String cr- model Conventions 



The worldsheet action for a string is given, in conformal gauge, by 



S = 



47ra' 



1 



/ 



(fari''^daX^dfsX^ , 



(A.1.1) 



in which the constant a' is proportional to the inverse string tension. The world-sheet 
is defined by coordinates {x'^,x^) = (r, a) and the metric is given by r/oo = —ijii = 1- 



do = dr and di = 8^- Occasionally we use the complex world sheet coordinates obtained 
by performing a Wick rotation it = t and defining z = a + it and d = \ {d^ — idt). The 
reader should note that these conventions do differ in parts from the main text books 
but have been chosen so as to be in maximal agreement with the literature on T-duality 
and in particular with [1, 2, 34-36]. 

The two-dimensional cr-model describing a bosonic string with curved worldsheet 
coupled to background fields is given by 



where (G, B, $) are the target space metric, 2-form Kalb-Ramond potential and dilaton 
respectively. The antisymmetric tensor density e"^ is defined by e*^^ = — = 1. 
Note that the Dilaton normalisation contains a factor of two, again this is a common 
normalisation in T-duality literature used in e.g. [58]. 

For applications to T-duality it is quite helpful to rescale fields so that they become 
dimensionless. For example, consider the theory of a single compact boson describing 



We define light cone coordinates as a 



■± _ 1 



^ (r ± cr) and hence d± = do ± di, where 




(A.1.2) 
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an S target of radius R. Then the worldsheet theory is given by 

S = [ (fadaXd'^X , (A.1.3) 
47ra' J 

where X is a dimensional coordinate with periodicity X X + lirRn (where n G Z 
describes the number of times the string is wound round the S^). By performing the 
rescahng X' = X/R we can work with a dimensionless field whose periodicity is 27r. 
Then the action becomes 

S = / (faR^daX'd^X' , (A.1.4) 

Attu' J 

but now the target space metric is dimensional. A final rescaling is to work with the 
dimensionless radius R' = R/ Vc^ yielding the final result 

S=^J (faRl'^daX'd'^X' . (A.1.5) 

T-duality is often described in terms of these rescaled fields since the duality transfor- 
mation becomes simply R' — t- \/R' . When factors of a' are not explicit it is because 
the above type of redefinitions have been used. Also, in the treatment of the Doubled 
Formalism a factor of 2tt is suppressed throughout for convenience. 

With these conventions and these normalisations, the correct T-duality transforma- 
tion for the dilaton is given by 

^'^</>-21ni2,<^'^^-lln^. (A.1.6) 
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A. 2 Notation 



Table A.l: Notation used in this thesis and the chapters to which it refers 





Description 


Chapters 




string world-sheet coordinates and derivatives 


all 




generic target space coordinates 


2 


Z 


generic target superspace coordinates 


2 


X^ 


coordinates on a i hbre 


3,4 


Xi 


T-dual coordinates or fibre 


3,4 


Va 
1 


coordinates on the base of a fibre- bundle 


A 
41: 


= {X\Xi) 


coordinates of doubled torus T'^'^ 


3,4 




coordinates of doubled torus bundle 


4 




chiral tangent frame coordinates of doubled torus T'^'^ 


3,4 




tangent frame coordinates of base of fibre-bundle 


3,4 




chiral tangent frame coordinates of doubled torus bundle 


3,4 




standard dilaton field 


2,3,4 




duality invariant dilaton 


3,4 




Geometric quantities on doubled bundle 


4 


gab, Rab, Va 


Geometric quantities on base only 


4 




Generators of Drinfeld Double V = Q ® Q 


5 




Generators oi Q ,Q <ZT> 


5 


^1 


Left invariant forms on double Drinfeld Double group manifold 


5 




Left invariant forms of subgroups G, G 


5 
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CHIRAL FIELDS 

Chiral bosonic fields which are defined in d = 2p + 2 dimensions as p-form potentials 
whose field strength is self-dual, have been encountered in many areas of theoretical 
physics including the five-form Ramond field strength of IIB supcrgravity (and Super- 
string Theory) and the self-dual two-form contained in the N = (2, 0) tensor multiplet 
living on an M-theory fivebrane worldvolume. Chiral fields are also very important in 
duality-symmetric theories, not just the T-duality invariant models considered in this 
thesis but also in four dimensional electromagnetic duality symmetric models. 

In this appendix we provide some detail of the treatment of chiral bosons in two- 
dimensions used in this thesis. We start with a theory of a free boson 

A = \d^<t>d''(t> (B.0.1) 

and wish to supplement this with a constraint that 

C = d-(t) = 4>-(t)' = Q. (B.0.2) 

From a Hamiltonian perspective the treatment of this constraint is slightly subtle. In 
Dirac terminology this is a second class constraint^ since under the Poisson bracket^ 

['K{x),ct>{y)]p.B. = 5{x-y) (B.0.3) 

the constraint does not commute (even weakly): 

[C{x),C{y)]p.B. = 25'{x-y). (B.0.4) 

At the Hamiltonian level one can proceed by quantisation using Dirac brackets and 

complete presentation of constrained systems can be found in [91]. 
^Equal time dependance is implicit in the equations (B.0.3, B.0.4). 
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for the Doubled Formalism this is the approach taken in [110]. To incorporate such a 
second class constraint into a Lagrangian description is some what tricky; an immediate 
mechanical problem is that the constraint is first order where Euler-Lagrange equations 
are typically second order in derivatives. An early approach was proposed by Siegel [153] 
in which the constraint is squared and then implemented via a Lagrange multiplier 

jC-Siegel = \d+^d-<j) - X++{d-4>f , (B.0.5) 

however, there are some difficulties in quantising this system (see e.g. [154, 155]). A 
different approach was proposed by Floreanini and Jackiw [122], and further developed 
in [126], with the Lagrangian density^ 

£j,j = (f)'^ - ((f>'f = d-(t)di(t) . (B.0.6) 

The action corresponding to (B.0.6) has both time translation and spatial translational 
symmetries with Noether charges related as H = —P which is to be expected for chiral 
dynamics. Although (B.0.6) is not manifestly Lorentz invariant there exists a modified 
Lorentz transformation 

SM(f> = it + x)(j)' . (B.0.7) 

The local invariance 

dacp = ait) (B.0.8) 
means that the equations of motion that follow from (B.0.6), namely 

did-cl) = (B.0.9) 

may be integrated to give solutions which gauge equivalent to the desired chirality 
constraint d-(p = 0. It is worth noting that the modified Lorentz invariance is, on-shell, 
equivalent to the regular Lorentz transformation 

dj^ = t(j)' + x4> (B.O.IO) 

and so Lorentz transformations can be viewed as an emergent, on-shell symmetry (or 
solution generating symmetry) of (B.0.6). 

^In the presentation of [122] the action (B.0.6) is actually derived as a non-local description of another 
chiral theory, however it serves equally well to describe chiral dynamics. 
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A formulation of chiral fields which has manifest Lorentz invariance was introduced 
by Pasti, Sorokin and Tonin [119]. Lorentz invariance is made possible by the introduc- 
tion of auxiliary fields. In the case of two dimensions, one introduces an auxiliary field 
u which is a closed one form written locally as Ua = daCi for some scalar a. The action 
is given by 

CPST = ld+cf>d-<l>-^^{d-cf>f (B.0.11) 
= Id^^d.cl^-^iu^r^f (B.0.12) 

where, to cxpUcitly show the manifest Lorentz covariance in the second fine, we have 
introduced a one- form V whose components are Vo = d-4> = —Vi which vanish on the 
desired constraint. The non-polynomial form of the PST action means that the action 
is actually difi"crcnt to the Siegel form. The canonical momenta of this system obey a 
first class constraint which is related to the PST local symmetry 

5a = C, 5<p=^C- (B.0.13) 
O-a 

By fixing the PST symmetry Ua = one recovers the FJ action (B.0.6). One must be a 
little careful in defining the field space of to ensure that u'^ ^ and to only consider 
gauge fixing choices that respect this. Also, when asking questions of a topological 
nature one must remember that u need only be closed and need not be exact. The 
equation of motion that comes from varying (f> is 

d+-(j) - d- (X e'^^da (^^upv^V^ = (B.0.14) 

and the equation of motion that comes from variation of a is proportional to this result. 
It is shown in [119] how the desired chirality constraint is obtained as a consquence of 
this equation. 
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BACKGROUND FIELD METHOD 

In this appendix we provide some details of the calculation of the effective action ob- 
tained from an a' expansion of String Theory sigma-models using the geometric back- 
ground field method. We introduce the necessary geometrical equations and we show 
some details of the regularisation and renormalisation which are assumed in the thesis. 

We begin by establishing some geometrical concepts that arc relevant for string 
sigma models. When the string is coupled to background fields by the action 

5 = 1^ y [,/^g''''GijiX)daX'dbXJ - e''f'BijiX)daX'dbX^] , (C.0.1) 

one can observe that in the equations of motion, B enters only through its field strength 

HijK = diBjK + djBKi + OkBij . (C.0.2) 

Geometrically Hjjk can be interpreted as torsion in a Riemann-Cartan space by defin- 
ing the non-symmetric connection 

t'jK = T'jK-\G''^HLjK. (C.0.3) 

The covariant derivatives constructed from this connection yield the algebra 

[Di, Dj]Vk = RurVl + G^^'^HlijDmVk (C.0.4) 

with the curvatures given by 

Rklij = Rklij — ^DjHkjl + ^DjHkil + -^HkimH^l ~ -^HkjmH^i^ (CO. 5) 
RjL = Rjl + \d''Hkjl-\h^''jHmkl. (C.0.6) 

The action of these modified derivatives on a contravariant vector can be pulled back 
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to the worldsheet by defining 

Da^' = + T'jj.d^X'i'' - e^p^H'jKd'^X^C'' . (C.0.7) 

These formulae are heavily used in the derivation below and also in the renormalisation 
of the Poisson-Lie T-duality model. 

We now wish to calculate the effective action of this sigma model obtained by ex- 
panding quantum fluctuations around a classical solution: 

e'^^"""^ = (e^^[^«+-]) . (C.0.8) 

We shall calculate as a perturbation series in a' and in the following analysis consider 
only 1-loop diagrams to obtain the leading order result [123-125]. Instead of expanding 
in the flucuation vr^, a more geometric approach is to expand in the tangent C^|xo to 
the geodesic connecting Xq and Xq + vr^ as indicated in the figure. 




Figure C.l: Geoemetric interpretation of quantum flucuations 

The geodesic is given by p{s) such that p{0) = Xq, p{l) = Xq + ir and obeying the 
geodesic equation 

p^ + rS^/p^ = o. (c.0.9) 

^Note the definition of this derivative is shghtly altered in Chapter 5 due to the Lorentz index 
structure of the sigma model (5.6.1). 
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Making multiple use of the geodesic equation gives 

p{sY = Xl + es - Iv'jK^'^^'s^ + ^V^jKL^'i'^es^ + ■■■ (C.0.10) 

where Fj^^ is the covariant derivative of the Christoffel symbol acting only on lower 
indices. Evaluated at s = 1 gives 

'^' = ^'-\^'jK^'i'' + ---- (c.o.ii) 

One can use a choice of coordinates for which vr^ = to perform the expansion (these 
are known as Riemann Normal Coordinates) and then translate the results of the ex- 
pansion to hold in arbitrary coordinates. Expanding in this way allows one to write 
S[Xo + tt] = En S^"^ [^0, i] where the expansion is in powers of the fluctuation. For the 
sigma model above (C.0.1) we have that 

5(o)[Xo] = 5[Xo], 5(i)[Xo]~0, (C.0.12) 
S^''^ [Xo] = ^Jd^^ Gij{Xo)baeD0i' + RiJKLi'i'' - e"^) do^X^d^X^ , 

(C.0.13) 

where the linear term vanishes since Xq obeys the classical equations of motion. In order 
to calculate Feymann diagrams it is helpful to put the kinetic term into a conventional 
form which is done by introducing vielbeins V^^ and gauge fields BJ^^ = —B^^ such 
that 

G:j{X) = Vi^v/S^s- (C.0.14) 
Vj^D^e = d^^^ + B/^^^. (C.0.15) 

The quadratic term in the expansion (C.0.13) is then 

5(2) ^Xo] = / da^^d'^e + 2S/^e^5"^^ + s/^S^^'^e^e^ 

4:Tra' J 

+RiABAh^ [r]''^ - e"^) daX^dpX^ . (C.0.16) 
The propagator is now standard and given by 
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in which we have continued to d = 2 + e dimensions to regulate the UV behaviour 
of integrals and introduced a mass parameter which is taken to zero at the end of 
calculations to regulate the IR divergences. At one loop there are three diagrams that 
contribute to the effective action illustrated schematically in the figure below. 






Figure C.2: Contributing one-loop diagrams 

In fact, it turns out that divergent contributions cancel out between the two diagrams 
involving the gauge field B [123, 125]. The first diagram contains the integral 



ifj, a 

(27r)2+^ 
ia'6^^ (\ 1 



2 



47r 



m 

- - + In— 
e 2 /X 



(C.0.18) 



and provides a contribution 



1 

47ra' 
1 

47re 



- / d^cjRrABj - 6"/^) do.XidpXi{i\a)e{a)) (C.0.19) 



(C.0.20) 



These divergences can be absorbed through counter terms into the couplings Gij and 
Bij. 

One can define renormalised couplings (or matrices of couplings) given to this order 
in perturbation theory as 



= Gij + ol Hf,)R^jj) + ... , 
Bfj{^) = Bij + a' Him)Riij] + ... , 



(C.0.21) 
(C.0.22) 



and corresponding beta-functions (or rather beta-functionals to signify the implicit a 
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dependance) [123, 125]: 

P[Gij] = ^ = a'R(^ij) = a'(^Rij-^H^''jHMK?j , (C.0.23) 

Practically one simply reads off the beta-functions directly from the simple poles in the 
dimensional regularisation parameter. The non-triviality of the beta-functions show that 
whilst the sigma model (C. 0.1) is classically conformal it is not conformal at the quantum 
level. In string theory we therefore demand that these beta functions identically vanish. 

Including a dilaton term 

Sm = ^J dV<^(X)i?(2) , (C.0.25) 

into the action produces extra contributions to the above one-loop beta functions and 
also a dilaton beta function (which requires a two-loop calculation to get the leading 
order result in a') [118]: 

p[Gij] = a' (^Rij - ^H^^'jHmkj + DjDjc^^ , (C.0.26) 

P[Bij] = —{d'^Hkij-D^'cPHkij) , (C.0.27) 
m = -^(^D'<j^-lDi4>D'<t^+^R-^H'y (C.0.28) 

These beta functions vanish when the background fields obey the equations of a gravity 
theory with action 

S=^J d'^^xV^e-'t' (^R + Di4>D'<t> - ^HukH'^''^ . (C.0.29) 

The schematic equivalence between equations of motion and beta functions is 
a'K^e'l'dS a'n'^e'f' SS ^.^ . a'n'^e'l' 6S ^.^ , ^^^^ 

(C.0.30) 

There are several additional classic papers which provide further perspective on these 
techniques and results including [118, 127, 128, 156, 157]. 
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PROPAGATORS AND WICK 
CONTRACTIONS 

In this appendix we provide some details as to the propagators and Wick contractions 
used in evaluation of the one-loop effective actions for duality symmetric theories. 

Propagators for Chiral Fields 

For a normal two-dimensional boson with kinetic term 

A = lda(f>d''cj> (D.0.1) 

the propagator is given by 

(0(a)0(aO) = y d'p^^ = Ao(c7 - a') . (D.0.2) 

Actually this has problems in the IR so in practice on should consider adding a mass 
parameter and then taking the massless limit at the end of calculations. Since we are 
interested in UV divergences we will not concern ourselves with this. 

For (anti) chiral fields with Floreanini-Jackiw style kinetic terms 

/:± = ±^dicl>±d^^± (D.0.3) 

the propagator is then 

We will normally write A-t to indicate the a ^ a' limit. Simply by examining the 
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integrals we see 

A+ + A_ = 2Ao, (D.0.5) 
A+-A_ = 29, (D.0.6) 

and we take this as the definition of 6. Of course these propagator integrals are divergent 
and must regularised for example by dimensional regularisation as described in appendix 
C. 

The propagators can be calculated in z-spacc after Wick rotation [34, 35] with 
z = a + it = a + T and = d + d,dT = d — d. Using a z ^ regularisation such that 
dz~^ = 7rS^'^\z) one finds 

A+{z,z') = -l^ln{z-z'), (D.0.7) 

A_(z,/) = -i-ln(z-/), (D.0.8) 

A+{z,z') + A_iz,z') = --^ln|z-zf = 2Ao(z,/), (D.0.9) 

A+{z,z')- A-{z,z') = -^\n^^ = --aig{z- z') = 20, (D.0.10) 

ZTT Z — Z TT 

where in (D.0.9) wc have noted after regularisation we have the same relation as (D.0.5) 
to the standard two-dimensional scalar propagator in this regularisation scheme. 

Terms in the path integral of the effective action that are proportional to Aq will be 
those related to a breakdown in Weyl invariance whereas terms proportional to 9 will 
correspond to a breakdown in worldsheet Lorentz invariance. This can be understood 
from (D.0.9) and (D.0.10) by noticing that a scaling of z shifts Aq and not 6 and rotation 
by a phase shifts 6 and not Aq. 



Propagators in the Duality Symmetric Formalisms 

In both the Poisson-Lie model and the Doubled Formalism we have a similar kinetic 
term for fiuctuations 

S = IJ [-nABdiC^di^'' + L^sdiC'^doC''] , (D.0.11) 
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where in the chiral frame the matrices are constant and take the form 

The projectors ^(H ± L) then project onto chiral and anti chiral sectors of the theory, 
hence the general propagator for is given by 

rWe'W) = I ^ °jA++|^° ° |A_ (D.0.13) 

= ^(H + L)A+ + ^(H-L)A_ (D.0.14) 

= ^7/^^(A+ + A_) + ^L^^(A+-A_) (D.0.15) 
= AoH^^ + 9L^^. (D.0.16) 

We can use this result and a Wick contraction procedure, described for the ordinary 
string in [123], to determine the divergent behaviour of higher-order propagator con- 
tractions which appear in the expansion of the exponential of our action. 

For example 

= ij (^^ + ^^^^^+(P^ + - L)^'^^-(P)) e'P-^"-"'^ 
X ((H + Lf^A+{q) + {n- L)^^A_(g)) qme^'^-^'^--"^ 

X (^{n + Lf^A+{q) + in- L)^^A_(g)) goe'^-("-"'). (D.0.17) 

where for shorthand A± = ib(pip^)^^. Performing the a' integral gives a delta function 
which allows one to simply carry out one of the momenta integrals. We make use of 
identities like 

^i = J-Ti (D.0.18) 
Pi P± PiP± P± 

and discard integrals of the form 



/ 



d^p^ (D.0.19) 
P± 



133 



APPENDIX D. PROPAGATORS AND WICK CONTRACTIONS 



which though divergent in both IR and UV do not produce logarithmic divergences 
which we are interested in, to find that 

c^U 4^jn + Lf^{n + Lf^— + {n-Lf^{n-Lf^— 

A J (27r)2^ pip- pip+ 

-{H + Lf^iH - D^D^ _ Lfc^-^ + ^^AD^ (C^D) 

PIP-P+ P1P-P+ 

(D.0.20) 

where ~ indicates equality up to convergent terms which are irrelevant for our purpose. 

A similar procedure can be used to calculate the two-propagator contractions with 
any combination of worldsheet derivatives. One finds that^ 

{a(^fdia(^fa<^'fdiaa'f) = ^ (l^^l'^H^l^ - L^l^L^I^) Ao , (D.0.22) 

_^a[c-[^d]Bq ^ (D.0.23) 

- (h^Pl^]^ + L^I^H^l^) ,(D.0.24) 

For the Doubled Formalism one can also include indices on the base. The results can 
be compactly summarised in terms of the total space metric M. and jC as 

iediC^difC^) = ^Ao(7W7W -i:/:)^"^'^^"-"^'^^), (D.0.25) 
iedi^^dof^^) = -^Ao {MC + CM)^"^^ -eCC^'^\ (D.0.26) 
iedo^^dof^^) = -^Ao{MM + 3CC)^^'^ -9{CM + MC)^^\ (D.0.27) 

where MM^"^^^~^^^^'^ represents M^^ M^^^ - M^~^ M^'' and (o) is understood in the 
same way. 



^We will simplify notation by using {^^^if^^'^So^'') = i J cfa'{i{a)^dii{af^{a'fdo^{a')''}. 
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In this appendix we provide some details of the calculation of dimensional 
reduction of target space effective actions. 

We begin with the D = 26 dimensional target space effective action for the bosonic 
string given by 

S=^j d^^'xV^e-'f' (^R + Dicl)D'4> - ^HukH'-^'^^ . (E.0.1) 
For reference the equations of motion that follow from this action are 

= Rij + DiDj<p-^H]j-Gij(^^ + D^<p-^{Dcpf-^H^Y (E-0-2) 
= ^D' (e-'t'HijK) , (E.0.3) 
= -2(1 + D^4> - \{D^f - Y^H^) . (E.0.4) 

To establish the equation of motion for the metric variation it is most efficient to observe 
that 

5Rij = DKSrfj - Di6r§j , (E.0.5) 
G'^dRij = i^;^((G^^G^^-G™G^^)i^i5GMiv). (E.0.6) 

In pure Einstein-Hilbert gravity the total derivative produced by varying the curvature 
results in surface term whereas in the string effective action above one must be careful 
to appropriately pull the derivatives through the dilaton term. 

We now reduce with the ansatz = Gij = diag {hij{Y), gab{Y)) and 

Bjj = diag (6y (y), 0). The only non- vanishing Christofel symbols and components of 
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field strength are 



^a = lih-'dahyj, r». = -^5X-, ^0 = ^0, Haij=dabij. (E.0.7) 



Using this one finds 

RiJ = -^V%-^A„9«/iy + (E.0.8) 
Rab = Rab-l<^bK-\Trih-^dahh-^dbhh-^), (E.0.9) 
R = R- VaA" + ^AaA" - ^Ttih-^dahh-^d'^hh-^) , (E.0.10) 

in which A^ = Tv{h^^dji). Recalling that the fibre moduli fields are naturally packaged 
in to the 0{d, d)/0{d) x 0{d) coset form Hab we have the identity 

TV {daH'^d^Ji) = 2Tr {dah-^d^h + h-^dahh-^d%) . (E.0.11) 

Armed with the above it is easy to see that the dimensional reduction produces the 
action 

S=^J d^^'-^yV^e-^ (r + V„$V«$ + ^Tr [daU-^d'^H)^ , (E.0.12) 
where we have defined $ = — ^ Indet h. The equations of motion that follow are 

= V^^ - ^(V$)^ + + [daH-^d^H) , (E.0.13) 

= -^v^nij + ^{dann-^d^n)jj + ^v''^Vanij, (e.o.u) 

o 

-9ab (v2$ - + ^R+ ^Tr {dan-'d'^n)^ . (E.0.15) 
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